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Abstract

In this work, we investigated non-coercive parabolic quasi-variational inequality (qvi) systems
associated with Hamilton—Jacobi-Bellman (HJB) equations. Our methodology consists of re-
formulating QVI systems directly into HJB equations and solving them, which represents a
reversed perspective compared to most previous studies.

We focused on the analysis of the asymptotic behavior of these systems in both coercive and
non-coercive cases, by considering continuous and discrete models. The discrete approximation
was developed using finite element and finite difference methods.

Our approach relies on overlapping domain decomposition techniques of the alternating Schwarz
type, first applied to two subdomains and then generalized to the case of ¢ subdomains. Within
this framework, we constructed two monotone sequences of lower and upper solutions and
proved that they converge monotonically and geometrically to the unique discrete solution,
while providing a sharp error estimate in the L* norm.

Finally, we conducted several numerical experiments to study the asymptotic behavior of the
computed solutions. The results demonstrated the stability and accuracy of the method, con-
firmed its efficiency in approximating the dynamics of parabolic Hamilton—Jacobi-Bellman
equations, and underscored the crucial role of overlapping in accelerating convergence.

Keywords : asymptotic behavior, domain decomposition method, parabolic Hamilton-Jacobi-
Bellman equations, geometric convergence, monotone convergence, finite elements, finite dif-
ferences, lower and upper solution sequences, error estimation in the L°° norm.



Résumé

Dans ce travail, nous avons étudié les systemes d’inéquations quasi-variationnelles (QVI) pa-
raboliques non coercifs associés aux équations de Hamilton—Jacobi-Bellman (HJB). Notre mé-
thodologie consiste a reformuler directement les systemes de QVI en équations HJB et a les
résoudre, ce qui constitue une orientation inverse par rapport a la majorité des travaux anté-
rieurs.

Nous sommes concentrés sur I’'étude du comportement asymptotique de ces systémes dans les
cas coercif et non coercif, a travers ’analyse des modeles continus et discrets. L’approximation
discrete a été développée en s’appuyant sur les méthodes des éléments finis et des différences
finies.

Notre approche repose sur des techniques de décomposition de domaine avec recouvrement
de type Schwarz alterné, appliquées d’abord a deux sous-domaines puis généralisées au cas de
q sous-domaines. Dans ce cadre, nous avons construit deux suites monotones de solutions in-
férieures et supérieures, et démontré qu’elles convergent monotone et géométriquement vers la

solution discréte unique, tout en fournissant une estimation précise de I'erreur dans la norme
L.

Enfin, nous avons réalisé plusieurs expériences numériques afin d’étudier le comportement
asymptotique des solutions calculées. Les résultats ont démontré la stabilité et la précision de
la méthode, confirmé son efficacité pour approximer la dynamique des équations de Hamilton—
Jacobi—Bellman paraboliques, et ont mis en évidence le rdle essentiel du recouvrement dans
I’accélération de la convergence.

Mots-clés : comportement asymptotique, méthode de décomposition de domaine, équations
de Hamilton—Jacobi-Bellman, systémes d’inéquations quasi-variationnelles elliptiques et pa-
raboliques, convergence géométrique et monotone, éléments finis, différences finies, suites de
solutions inférieures et supérieures, estimation de ’erreur dans la norme L.
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General introduction

The evolution Hamilton—Jacobi—Bellman (HJB) equation is a nonlinear parabolic par-
tial differential equation that arises naturally in optimal control theory to describe the time
evolution of the optimal value function associated with a dynamic decision process. Rooted in
Bellman’s dynamic programming principle, it characterizes, at each instant of time, the optimal
control strategy that optimizes a given performance criterion, taking into account the progres-
sive nature of the system’s evolution. From a mathematical perspective, its parabolic structure
reflects the intrinsic dependence on time, making it a fundamental tool for modelling evolution
phenomena where optimal decisions are continuously updated. This framework has become cen-
tral in both theory and applications, particularly in economics and finance for time-dependent
optimization under uncertainty, as well as in applied mathematics through its connections with
parabolic variational inequalities, viscosity solutions, and differential games. Moreover, evolu-
tion HJB equations appear in a wide range of applied fields such as robotic motion planning,
traffic flow evolution, image processing, and propagation phenomena in heterogeneous media.

In parallel to the extensive research on HJB equations, a substantial literature has been
devoted to the study of parabolic quasi-variational inequality (QVI) systems related
to HJB problems. These systems naturally arise in stochastic control, impulse control,
and energy management problems, where the admissible control set depends on the state
itself. Several works have provided existence, uniqueness, and asymptotic behavior results,
together with finite element discretizations. For instance, in [5] the asymptotic behavior of
parabolic QVI systems was analyzed, while [4] investigated finite element approximations for
stochastic control models. In [6], further L>-error analysis was developed for QVIs associated
with impulse control, extending earlier contributions on parabolic variational inequalities [3].
Other related studies examined error bounds, convergence rates, and the role of subsolution
concepts in nonlinear settings [9,12,39]. These contributions demonstrate that QVI systems
represent a natural and rich generalization of HJB equations, embedding them within a broader
nonlinear variational framework.

From a computational perspective, QVI systems related to HJB equations have been
approximated using numerical schemes based on finite difference and finite element method-
ologies. The finite element framework, in particular, has proven effective in handling mixed
boundary conditions and nonlinear source terms while ensuring stable discretizations [11, 13].
In parallel, algorithmic strategies such as overlapping Schwarz methods and domain decom-
position techniques have been adapted to these formulations, yielding convergence guarantees
and a posteriori error estimates [10,17,19]. Extending these approaches to the evolutionary
HJB setting introduces additional challenges, since the value function evolves over time and
the governing PDE reflects a dynamic optimization over a continuous horizon. To address this
parabolic case, several works employed finite element discretizations combined with implicit
or semi-implicit time-stepping schemes, notably the backward Euler and theta methods, es-
tablishing well-posedness and convergence even in the presence of nonlinearities and complex
boundary conditions [10, 13-15].

Further developments have addressed parabolic quasi-variational inequalities arising
in impulse control, where discontinuous interventions alter the system trajectory and varia-
tional constraints amplify the nonlinear structure of the HJB formulation. To tackle these
challenges, domain decomposition techniques most notably overlapping Schwarz algorithms




have been employed, leading to L*-error bounds, monotone convergence results, and a poste-
riori error control specifically designed for time-dependent problems [16, 18, 20]. Beyond these
advances, an additional layer of complexity emerges in the non-coercive case, where standard
conditions ensuring existence, uniqueness, and stability may no longer hold due to degenerate
or weakly dominant dynamics. In such settings, reliable numerical strategies typically rely on
regularization procedures or reformulated variational principles to guarantee convergence and
maintain stability [32,34].

Domain decomposition techniques have themselves seen significant evolution since their
introduction by Schwarz in the late 19th century [41,45], with rapid developments over the last
few decades driven by advancements in parallel computing. These methods not only decompose
complex problems into simpler subproblems that are easier to handle computationally, but
they also allow for a more flexible reformulation of boundary value problems posed on irregular
geometries into equivalent problems defined on simpler domains [36].

A fundamental distinction among domain decomposition approaches concerns the treatment
of subdomain interaction. According to this classification [36], subdomains can be:

« Non-overlapping: Q; N Qy = () (see the right side of Figure (1));
« Overlapping: 3 N Qs # 0 (see the left side of Figure (1)).

This distinction significantly affects the implementation and convergence of Schwarz-type al-
gorithms.

/)
Ql QQ QZ

Figure 1: Schwarz methods: overlapping vs non-overlapping subdomains

Within the overlapping framework, Schwarz-type methods are commonly implemented in
two principal forms:

o Alternating Schwarz (Schwarz 1870): subdomains are solved sequentially, each using
the most recent boundary values from the neighboring domain [45]:

—APT = F  in Q, —AUETL = F  in Q,
oL = gk on 00, Ny, |5 =95 on 00N Q.
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Figure 2: Alternating Schwarz

o Parallel Schwarz (Lions 1988): subdomains are solved concurrently using boundary
data from the previous iteration [41]:

A =F inQ, —AVETL = F  in Q,,
It =k on 0Q; Ny, |V =k on 98, N Q.

01

0.09t
0.08}
0.07F
0.06- ) 1
0.05- : :
0.04
0.03+ :
0.02f :
i
|

0.01f

G 1 TR L \ 1 —

0 0.1 02 03 04 05 06 07 0‘.8 0?9 1
G (), —
— Q2 —>

Figure 3: Parallel Schwarz

Both approaches may also be adapted to the non-overlapping setting, where appropriate trans-
mission conditions such as Robin type interface constraints are introduced to preserve con-
vergence guarantees.

In this study, we investigate the asymptotic behavior of parabolic quasi-variational
inequality (QVI) systems related to Hamilton Jacobi Bellman (HJB) equations,




formulated in the non-coercive setting as follows:

max <@+N19—[Fi) =0 inQx1[0,7],

1<i<n \ Ot
¥=0 on 0f),
Yz, 0) = Jo(x) in €.

The central objective is to characterize the long-time behavior of solutions, despite the non-
linear and non-coercive structure that may generate significant analytical difficulties. To this
end, the problem is first studied on two overlapping subdomains, where a backward Euler dis-
cretization in time reduces the parabolic formulation to a sequence of coercive elliptic problems.
This strategy is then generalized to ¢ overlapping subdomains by combining domain decompo-
sition techniques with iterative sequences of sub- and super-solutions. We establish that these
sequences converge monotonically and geometrically to the discrete solution, and we derive
sharp L*-error estimates that capture the asymptotic profile of the system. Finally, numerical
experiments using both finite difference and finite element discretizations confirm the theoret-
ical predictions, underlining the efficiency of the method and the decisive role of overlap in
accelerating convergence.

This thesis is organized into four main phases:

o Chapter one establishes the theoretical underpinnings essential for comprehending the
whole structure. The discussion starts with a comprehensive examination of variational
inequalities (VI) and quasi-variational inequalities (QVI), which provide the mathemati-
cal foundation for the analysis of Hamilton-Jacobi equations in non-traditional contexts.
We examine the criteria for existence and uniqueness, together with qualitative attributes
like monotonicity, regularity, and Lipschitz continuity. This context introduces the idea
of subsolutions, and the investigation is extended to the discrete framework by examining
approximations of the discrete issue and their convergence to the continuous case. This
chapter is based on existing findings, especially those of Cortey-Dumont [33], whose work
was crucial in the examination of uniform convergence in the || - [|s norm.

o Chapter two is exclusively focused on the coercive situation of the Hamilton-Jacobi-
Bellman problem, resolved by the overlapping Schwarz technique over two subdomains
in its sequential format. We formulate a numerical technique using sequences of sub-
and supersolutions for the discrete issue and demonstrate that these sequences converge
monotonically and geometrically to the actual solution. A numerical example is shown
to verify the approach and illustrate its effectiveness. This phase emphasizes the bene-
ficial impact of domain overlap on expediting numerical convergence and illustrates how
coercivity contributes to solution stability.

o Chapter three advances this analytical trajectory by examining the non-coercive sce-
nario, which presents more challenges owing to the absence of classical contraction fea-
tures. The numerical sequence is recreated using procedures similar to those in the pre-
ceding chapter; however, the study of stability and convergence need more sophisticated
reasoning. A comprehensive theoretical analysis is provided, corroborated by numerical
simulations that illustrate the method’s efficacy despite the lack of coercivity. Particular
emphasis is placed on the selection of overlap parameters and their impact on convergence
speed and quality. This chapter is an innovative addition to the thesis, considering the
limited research on non-coercive solutions using the Schwarz approach.




e In the fourth chapter, we study the asymptotic behavior of a system of quasi-
variational inequalities related to a non-coercive parabolic Hamilton—Jacobi—
Bellman (HJB) problem. Starting from the backward time discretization, the system
is reformulated into a sequence of coercive elliptic HIB equations. This framework first
enables the analysis in the case of two overlapping subdomains, where existence, unique-
ness, and convergence are established through monotonicity arguments. The study is then
extended to the general case of g overlapping subdomains, where we establish monotone
and geometric convergence of the iterative sequences. Moreover, we study the asymptotic
behavior of the solution and derive optimal error estimates in the uniform norm for the
considered problem.

Finally, we verify the asymptotic behavior computationally through several numerical
experiments, rather than only theoretical results. These simulations confirm the error
estimates, illustrate the monotone convergence, and demonstrate the efficiency and sta-
bility of the proposed overlapping domain decomposition method for time-dependent
non-coercive HJB systems.




Chapter one :

Preliminaries on variational
and quasi-variational inequal-
ity problems and systems

In this chapter, we present the mathematical framework of variational and quasi-variational in-
equalities. We introduce the functional setting, study the continuous and discrete formulations,
and establish the main results concerning existence, uniqueness, and approximation properties.
Finally, we extend the analysis to systems of quasi-variational inequalities.
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1.1. MATHEMATICAL PRELIMINARIES AND FUNCTION SPACES

1.1 Mathematical preliminaries and function spaces

In order to build the theoretical framework of this work, we first recall some basic notions
concerning function spaces. The discussion focuses on Lebesgue spaces and, in particular, on
their structure as Banach or Hilbert spaces depending on the choice of the parameter p [24].

1.1.1 Definition of lebesgue spaces

o For a real exponent 1 < p < 0o, the Lebesgue space LP() is the collection of measurable
functions f : 2 — R such that:

/ny(x)|p dz < 0.

The norm that turns this set into a Banach space is defined by:

1 fllee = ( / |f(x>|pdx>%-

When p = oo, one considers the space of essentially bounded measurable functions:

L>*(Q) = {f : Q= R |supess|f(x)] < oo}.
e

The natural norm on this space is given by:

[f Lo = sup [f(z)].
zeQ

1.1.2 Hilbert space L?(Q)

o For p = 2, the space acquires the structure of a Hilbert space, equipped with the inner
product:

(f,9)r Z/Qf(fli)g(:c)dx.

e The associated norm is induced in the usual way from this scalar product.

1.1.3 Sobolev-type function spaces

We now recall the definition and the main properties of Sobolev spaces, which play a central
role in the variational framework of partial differential equations.

e Let m > 1 be an integer and p > 1 a real number.

» The Sobolev space W™P(Q) consists of all functions u € LP(Q2) such that all weak deriva-
tives up to order m also belong to L*(2):

WmP(§)) = {u € L7() ‘ D% € LP(Q), Va with |a| < m}.

e The space becomes a Banach space under the norm:

1/p
[ullwmr ) = ( >, HDauHip(Q)) :

lal<m

7



Integral bounds via hélder-type inequalities

For p = 2, the Sobolev space is usually denoted by H™((2).

It contains all u € L*(Q2) with weak derivatives up to order m in L*(Q):

H™(Q) = {u e L2(Q) ‘ Dou e LA(9), |a] < m}

The inner product that endows H™(2) with a Hilbert structure is:

(U, v) gm0y = Z (D%u, D“v).

la<m

A fundamental subspace is:

Hy() = {ue H'(9) | won = 0},
where the boundary condition is understood in the trace sense.

Being closed in H'(12), this space is itself a Hilbert space.

1.1.4 Integral bounds via holder-type inequalities

—@ Theorem 1.1.1: [24] &

Let © C RY be a measurable set, and consider two functions f € LP(Q) and g € LI(1Q),
where the exponents p, ¢ > 0 satisfy the conjugacy relation:

Z4+-=1
P q

Then, for 1 < p < oo, the standard Holder inequality asserts that:

/Q (@) 9(2)] dz < |l zogey Nl oo,

1.2 The variational inequalities

This section introduces the analytical framework of variational inequalities in both continuous
and discrete settings. The study is based on elliptic boundary value problems formulated in
Sobolev spaces and their finite-dimensional approximations.

1.2.1 Continuous variational inequalities

Mathematical preliminaries and structural hypotheses

Let © C RY be a bounded convex domain with sufficiently smooth boundary 9€2. The vari-
ational framework is developed in the space H}(f2), together with the standard assumptions
ensuring the well-posedness of the problem.




Continuous variational inequalities

The associated bilinear form is defined for all u,v € H'(Q) by:

N
e :/Q <§=:1a o) gﬂz}z O ;b <f€)vu> dz, (1.1)
which corresponds to a second-order differential operator defined by:
al N
8216 au
= ; @e®) o, ; bo(a) 5~ + ao()u. 1.2)

The coefficients are assumed to satisfy standard structural hypotheses ensuring the well-posedness
of the model. In particular, the zeroth-order term is assumed to be strictly positive, namely:

ap(z) >~y >0, VreQ, (1.3)

while the diffusion matrix is uniformly elliptic in the sense that there exists d > 0 such that:

N

D an(w) 66> 0EP, VEeRY, z e, (1.4)

z,5=1

and the coefficients are assumed to be symmetric:
a.s(r) = as.(T). (1.5)

Under these assumptions, the bilinear form is continuous and coercive, which guarantees the
existence of a constant A > 0 such that:

a(u,u) > MullFp ), Yue HY(Q). (1.6)

The external forcing is represented by a linear functional F € L*(2) defined by:

(F, u) :/Q[F(:c) w(z)de, F >0, (1.7)

while the obstacle function is assumed to belong to W2°(Q) and satisfy:
¥ >0 on 0. (1.8)
This leads to the definition of the admissible convex set:
K={uecH}(Q)|0<u<VinQ}. (1.9)
Finally, the continuous variational inequality problem consists in finding ¥ € K such that:

a(@,u—19) > (F,u—19), Yuek (1.10)

Existence, uniqueness, and regularity of the continuous solution




Continuous variational inequalities

—4 Theorem 1.2.1: [7] &

Y€ W?P(Q), 1<p<oo.

Under the assumptions introduced previously, the variational inequality problem (1.10)
admits a unique solution ). Moreover, this solution satisfies the regularity property:

“a

The proof is divided into two parts: uniqueness and existence.

+ Uniqueness: Let 91,7, € K be two solutions of (1.10). Then

a(¥,u — 1) > (F,u—1v), Yuek,
CL<’192,U — ’192> Z <[F,U — ’192>, Yu € K.

Taking u = 19, in the first inequality yields
CL(’(91,192 — 191) Z <["_, 192 — 191>

Since

Uy — U1 = —(1 — 0a),

we obtain:

—a,<191,191 — ?92) Z —<|]'_,’l91 — 192>
Multiplying by —1, it follows that:

a{¥y, % — Jq) < (F, 01 — ).
Similarly, choosing v = ¥ in the second inequality gives:

a{¥q, %1 — Jq) > (F, 01 — 19).
Combining the two relations (1.11) and (1.12), we deduce that:

CL<191,’191 — 192) — CL<’I92,191 - 192> S 0.
CL<191 — ’192,191 - 192> S 0.

a{v,v) > /\||v||2.

Consequently,
0 S /\||791 - 192“2 S (l<’l91 - 192,’(91 - ’l92> S O,

which implies:

191 :192.

Since the bilinear form a is coercive, there exists a constant A > 0 such that:

(1.11)

(1.12)

Using the linearity of the bilinear form with respect to the first variable, we obtain:

10




Continuous variational inequalities

« Existence: We introduce the projection operator 7" and consider the fixed-point
formulation:

O=T(0— p(Ad —F)), p>0.
This formulation is equivalent to the variational inequality (1.10), since it satisfies:
(M) —F,u—19) >0, Yuek.
Using the non-expansiveness of the projection operator, for all u,v € H}, we obtain:
1T (u = p(bu =) = T(v = p(bo = F))|I* < [lu—v = pAlu = v)||*.
Expanding the right-hand side gives:
[ —vl|* = 2pa(u —v,u —v) + p*[|A(u — v)|]*.
Using coercivity and boundedness of A, we obtain:
(1= 2pA + p*CE) [l — v]f?,
where A > 0 is the coercivity constant and C, is the continuity constant of A.
Choosing:
2\
p < o2

ensures that the mapping is a contraction. Hence, Banach’s fixed-point theorem
guarantees the existence and uniqueness of ¥ € K.

The existence and uniqueness of the solution ¥ are classical results that can be found in the
literature. Furthermore, the solution satisfies the following a priori estimate:

[9llwze@) < C ([Flloo + |A¥][) (1.13)

where C'is a positive constant depending only on the geometry of 2 and the coefficients of the
operator A.

Expression of the continuous solution in terms of lower solutions

To better understand the structure of the solutions to the variational inequality (1.10), we
now present a characterization involving subsolutions. This perspective provides an alternative
formulation and introduces a comparison principle, according to which the exact solution can
be described as the upper bound of all subsolutions.

— Definition 1.2.1: [7] &

Let X denote the set of subsolutions to the variational inequality (1.10). An element
3 € H}(Q) belongs to X if it satisfies:

a(3,u) < (F,u), Yue€ H} (),
3 <V, withu>0.

11



Continuous variational inequalities

We may now establish a fundamental result connecting the unique solution ¥ of problem
(1.10) with the set X.

Theorem 1.2.2: [7] &

Under the standing assumptions, the solution 1 of the variational inequality (1.10) is the
greatest element of the set X.

Properties of the obstacle mapping

Let us introduce the mapping;:
T: L) — L),
U — T(V) =9,
where 9 denotes the unique solution of the variational inequality (1.10) associated with the
obstacle W.

(1.14)

— Proposition 1.2.1: [22] &

The mapping T is increasing, concave, and lipschitz continuous with respect to .

“a

Let us verify the main properties of the operator T:

1. Monotonicity: let ¥, U € L>(Q) be such that ¥ < ¥ almost everywhere.
o By definition, T(¥) is the unique solution of the variational inequality with
obstacle W.

e Since T(¥) < ¥ < ¥, the function Y(¥) satisfies the inequality constraint
associated with W.

o Therefore, T (V) is a subsolution for the variational inequality with obstacle
v,

e From theorem 1.2.2, the solution corresponding to an obstacle is the greatest
subsolution.

o Hence, T(¥) < T (), proving that T is monotone.

2. Concavity: let U, U € L>®(Q) and let 6 € [0, 1]. Define:

Uy = 00 + (1 —6)T.

o Let Ty = T(¥y) denote the solution associated with the convex combination
Uy.

o Consider the convex combination of solutions:
0T (W) + (1 — )T ().

« Since T(¥) < ¥ and Y(¥) < ¥, their convex combination satisfies:

0T () + (1 — 0)Y(F) < Uy,

12



Continuous variational inequalities

o Therefore, this convex combination is a subsolution for the variational inequal-
ity with obstacle Wy.

o Again, by theorem 1.2.2, we conclude:
T (o) = 0T (V) + (1 - O)Y(P),
which proves the concavity of T.

3. Lipschitz continuity:
o Let ¥, T € L>(Q) be two obstacle functions, and denote by 9 = Y(¥) and

¥ = T (W) their corresponding solutions.

o Set ® = ||U—V||,. This quantity represents the maximum pointwise deviation
between the two obstacles over the domain.

e Observe that, since ¥ < U, shifting the solution downward by ® yields ¥ — ¢ <
U — .

o Given that ¥ — & < U, it follows that ¥ — & < U, meaning that the function
¥ — @ respects the obstacle constraint associated with W.

o This shifted function thus qualifies as a subsolution to the variational inequal-
ity defined by the obstacle ¥. By applying the comparison principle from
theorem 1.2.2, we conclude that:

v—-—>0 < 15, which implies ¢ < J+ ®.
« Reversing the roles of ¥ and U, the same argument gives:
J <9+ ®.
o Combining both inequalities, we obtain:
19 = lloc < @ = [T — ¥||oc,

which confirms that T is lipschitz continuous with lipschitz constant equal to
1.

Monotonicity of the continuous solution

Let us examine the solution operator O(F, ¥) related to the variational inequality issue (1.10).
Let us consider two source terms F,F € L>®(2) and two obstacles ¥, U € L>(Q2). The objective
is to determine a monotonicity characteristic of the solution for this facts.

— Proposition 1.2.2: [22] §

Under the assumptions that F < Fand ¥ < \i’, the corresponding solutions satisfy the
inequality

A(F, ) < 8(F, ). (1.15)

13



Continuous variational inequalities

— Proposition 1.2.3: [22] &

a

We begin by introducing the two solutions: let ¢ = 9(F, ¥) and Y = 8([~F, ¥), which
correspond respectively to the data sets (F, ¥) and (F, V).

Since F < [F, we observe that for any nonnegative test function v > 0, the variational
inequality satisfied by 1 yields

a(¥,v) < (F,v) < (F,v).

In parallel, since U < U, it holds that the constraint set defined by the obstacle
U is more restrictive than that associated with W, and in particular, any function
lying below WU also lies below W.

These observations imply that ¢ satisfies the obstacle constraint corresponding to W,
and simultaneously satisfies the variational inequality (in the weak sense) associated
with F. Hence, ¥ acts as a subsolution to the variational inequality defined by the
pair (F, U).

Let us denote by v = 9(F,¥) the unique solution to this intermediate problem.
Since the solution is maximal among all subsolutions, it follows that:

¥ <.

At this stage, we have related the solution of the first problem to the solution of
an intermediate one with updated right-hand side but fixed obstacle. To proceed
further, we invoke the known monotonicity of the solution with respect to the
obstacle function, which ensures that:

which confirms the desired monotonicity result.
To express this property more generally, we may define the mapping:

9: L%(Q) — L¥(Q),
(F, ) s O(F, ¥) = 9,

where ¢ denotes the unique solution to the variational inequality problem (1.10),
and which inherits the monotonicity in both arguments.

Let ¢ > 0 be a given constant. Then, the solution associated with the shifted data satisfies
the translation invariance property:

O(F 4+ ape, U +¢) = 0(F, V) +c. (1.16)

14




Continuous variational inequalities

a

We proceed in two main steps to establish the identity.

o Step 1: let us define :

V=0(F +apc,V+¢) and o =09(F,VU).

Given that any solution to the variational inequality (1.10) also qualifies as a lower
solution, it follows that:

a(¥,uy < (F,u), Yue H}(Q),
P <V, u>0.

By adding the constant ¢ to both sides of each inequality, we obtain:

a(¥ + c,u) < (F 4 apc,u), Yu € H(Q),
P4+c<VU+4e¢, u>0.

This demonstrates that ¥ + ¢ constitutes a lower solution for the problem with
shifted data (F 4 agc, ¥ 4 ¢). Since the solution is characterized as the greatest
among all lower solutions, it necessarily holds that:

V+c<d = OF, V) +¢<I(F+ape,V+c). (1.17)
« Step 2:consider the properties of 9. By definition of solution, we have:

a(0,u) < (F +ape,u), VYu € HYQ),
19§‘Il—|—c, u > 0.

Subtracting ¢ from both sides in the inequalities above gives:

a(V —c,u) < (F,u), Yue HYQ),
P—c<W¥, u>0.

This confirms that ¥ — ¢ is a valid lower solution for the original problem with data
(F, ¥). Invoking the maximality property of 9, we deduce:

V—c<v¥ = IF,¥V)+c>9(F +ac,¥+c). (1.18)

By combining inequalities (1.17) and (1.18), we conclude that the two sides are equal:

I (F+ape, UV +c)=0(F,¥) +c.

Lipschitz continuity property of the continuous solution

We next establish a lipschitz-type estimate, the stability of the continuous solution with respect
to perturbations in both the source term and the obstacle. This property ensures that small
variations in the data lead to proportionally bounded changes in the solution.

15



Continuous variational inequalities

— Proposition 1.2.4: [22] §

Under the previous assumptions and notations, the following estimate is satisfied:
[ = Do) < ¥ = Wl Loo () + caol|F = Flloo o,

where ¢ denotes a constant independent of the right-hand side and the obstacle, chosen
so that:
cap(z) > 1.

“a

We proceed in several steps:

o Define the auxiliary bound:
o = ||\I/ — \iJHLoo(Q) + ca0||[l-_ — HT_HLoo(Q)
« By the triangle inequality, the following pointwise relations hold:

U<+, F<F+®.

 Using the monotonicity of the solution operator (-, -) together with the property
(1.16), we deduce:

O(F,U) < O(F,U) < O(F 4 ag®, ¥ + ).
« Applying again the translation identity (1.16), one has:
OF +ag®, U+ @) =090(F, V) + .

o Combining the inequalities yields:

A(F, W) —O(F,0) < ®
« Taking absolute values leads to:

O(F, T) — O(F, 0| < ®.
« Reversing the roles of (F, ¥) and (F, ¥) yields the symmetric inequality:

O(F,¥) — O(F,¥) < .

« Finally, passing to the supremum norm gives:
19 = Ol oo < @,

which completes the proof.
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Discrete variational inequality

1.2.2 Discrete variational inequality
Discrete formulation and finite element method principle

Let 7, be a regular triangulation of the closure Q of the domain €, formed by a family of

triangular elements
K, K, ...,Ky.

The mesh is assumed to satisfy the standard conformity and regularity assumptions of finite
element theory. In particular,
a- R

Kery,

and for any two distinct elements K, and Kj, their intersection is either empty, a common
vertex, or a common edge.

Associated with this triangulation, we introduce the finite element space:
Vi={u, € COONHYQ); wp|lx € P, VKET},

where P; denotes the space of polynomial functions of degree one. The parameter A > 0 rep-
resents the mesh size associated with the triangulation.

Let A,, z=1,...,N(h), be the interior nodes of the mesh. For each node A,, we associate
the usual nodal basis function ¢, € V}, satisfying:

80z<As) - 6zs;

where ¢, denotes the Kronecker symbol.

Any discrete function uy, € V}, can therefore be expressed in the form:

N(h)
uh(x) = Z Uh(Az)sz(x)'

We further define the Lagrange interpolation operator:

rn o C(Q) N HG (Q) — Vi,

2

(h)
u(z) — rpu(z) = u(A,)p.(x),

z

Il
_

The discrete counterpart of the bilinear form is represented through the stiffness matrix:
of € RNWXN()

whose coefficients are defined by:
%ZS = (l<(,02, st>

Definition 1.2.2: [29,31] &

An invertible matrix: o/ € My(R) is called an M-matrix if its off-diagonal entries satisfy:

a,s <0, 2z#s,

17



Discrete variational inequality

and if its inverse exists and has nonnegative entries.

This property leads to the discrete maximum principle stated below.

— Definition 1.2.3: [29,31] &

Let o/ be an M-matrix and let u,v € V), satisfy:
du> v in Q.

Then:

u>v in Q.

Existence and uniqueness of the discrete solution

Using these constructions, the discrete variational inequality associated with the continuous
problem (1.10) is formulated as follows:

{ Find v, € K, such that:

al{On, up — V) 2 (F, up — Un), Vup, € Kp, (1.19)

where the discrete admissible set is defined by:
[Kh:{uh e Vi uy §rhllf}.
Theorem 1.2.3: [31,37] &

Under the previous assumptions, the discrete variational inequality (1.19) admits a unique
solution.

Characterization via Subsolutions

To provide a constructive view of the discrete solution, we introduce the set of discrete subso-
lutions X}, defined by:

a<3h780t> S <ﬁ7§02>7 vz:lauN(h>)
3n <.

Theorem 1.2.4: [31] &

The discrete solution ¥, of (1.19) is uniquely characterized as the supremum of all func-
tions belonging to Xj.

Discrete solution mapping and its main properties

In analogy with the continuous framework, we introduce the operator:
T : L®(Q) — Vj,

U — Tp(V) = dy, (1.20)

Assuming that the discrete maximum principle is satisfied, the operator Y}, inherits the main
properties of its continuous counterpart T defined in (1.14).

18



Discrete variational inequality

Proposition 1.2.5: [31] &

The operator T}, is increasing, concave, and lipschitz continuous with respect to V.

We examine here the monotonicity of the operator 0y (%, r,¥), which maps the data (.7, ¥)
to the corresponding discrete solution.

— Proposition 1.2.6: [31] &

Ifﬂgiandlllg {Ivf, then:

(T, 10 < Op(F, r ).

The operator also enjoys a stability property under constant shifts in the data.

Proposition 1.2.7: [31] &

For any positive constant ¢, one has:

O (ZF + age,rh(V + ¢)) = Op(F, V) + c.

Having established monotonicity, we now turn to the lipschitz continuity of the discrete
solution map, which ensures the stability of the solution under small perturbations in the data.

Proposition 1.2.8 &

The solution map 0, is lipschitz continuous in the L*°-norm:

||’l9h — 5}1”[/00((2) S ||7"h\11 — Th{IVJHLoo(Q) + CCL()”ﬁ - gHLoo(Q)

To conclude this subsection, we present a regularity result for the discrete solution that
quantifies the boundedness of the bilinear form when applied to the solution and the nodal
basis functions. This result plays a significant role in further numerical analysis [30].

Theorem 1.2.5: [30] &

There exists a constant C', independent of the mesh size h, such that

0l 92) < Cllgalligy,  ¥2=1,...,N(h).

Error estimate in the L*° norm

To assess the accuracy of the proposed numerical scheme, we now establish an a priori error
estimate in the uniform norm. Specifically, we compare the exact continuous solution ¥ of prob-
lem (1.10) with its discrete counterpart ¢, defined by (1.19). The following result quantifies
the convergence rate of the discrete approximation with respect to the mesh size.
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1.3. THE QUASI-VARIATIONAL INEQUALITIES

—§ Theorem 1.2.6: [31] &

Assuming that conditions (1.1)—(1.9) are satisfied and that the discrete maximum prin-
ciple and the regularity condition (1.13) holds, the approximation error in the L*-norm
is bounded by:

H’l9 — l9hHLoo(Q) S Ch2| log h‘z

1.3 The quasi-variational inequalities

In this section, we address the quasi-variational inequalities (QVI) problem in both continuous
and discrete frameworks.

1.3.1 Continuous quasi-variational inequality

We consider a class of elliptic quasi-variational inequalities characterized by the fact that the
admissible set depends on the unknown solution itself. In this framework, we seek a function
¥ defined on a bounded smooth domain Q C RY, governed by the coupled system:

{M—[Fgo, Y — MY <0, in{,

(M) —F)( — MY) =0 in Q, (1.21)

The formulation (1.21) has a structure analogous to that of the classical obstacle problem
(1.10). The main difference lies in the fact that the obstacle is defined implicitly through the
solution of the problem itself. Where A is a uniformly elliptic second-order differential operator
acting on 2,and M is an operator defined by:

M : L>(Q) — L™(Q),
Y — M.

The operator M1 represents the obstacle associated with impulse control and corresponds to
the cost incurred by an intervention. As a key component of quasi-variational inequalities, it
satisfies several important analytical properties, such as monotonicity and concavity, which are
crucial in the theoretical analysis of the problem [23,32]:

o Lipschitz continuity in the sense that:
|Mu — Mv|| < ||lu—2|, Vu,v.
o Monotonicity, meaning that:

u<v implies Mu < Mwv.

e Concavity and the following property:
M(u+c¢)=Mu+c, Vc>D0.

Since the constraint depends on the unknown solution, the problem can be rewritten as a fixed
point variational inequality. We thus look for ¢ € K(«J) such that:

K(9) = {ueHg(Q) [0<u<Mdin Q}

{ Find 9 € K(¢) such that:

a(d,u—9) > (F,u—1), VueK®), (1.22)
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Discrete quasi-variational inequality

—@ Theorem 1.3.1: [8] &

Under the stated assumptions, problem (1.22) admits a unique solution. Moreover, the
solution satisfies the regularity property:

¥ e WH(Q), 2<p<oo.

1.3.2 Discrete quasi-variational inequality

We extend the framework of quasi-variational inequalities to the discrete setting using the same
triangulation introduced for the variational inequality.

Let us define the discrete admissible set:
[K(19h> = {uh eV, o up, <rpMpu, in Th},

where 7, is the lagrange interpolation operator. The associated discrete quasi-variational in-
equality is then formulated as:

{Find Uy, € K(9,) such that: (1.23)

a(ﬁh,uh — ’l9h> > <§, up — 19h>, Vuh < [K(ﬁh)

This formulation reveals the fixed point nature of the problem, since the admissible set depends
on the unknown solution through the operator M.

Theorem 1.3.2: [8] &

Under the discrete maximum principle, problem (1.23) admits a unique solution in V},.

1.4 Quasi-variational inequality systems related to HJB

In this section, we provide both the continuous and discrete formulations of quasi-variational
inequality (QVI) systems. The focus is placed on the mathematical structure of the coupled
problem, the role of bilinear forms, and the analysis of existence and uniqueness of solutions via
fixed-point methods. We also discuss the essential properties of the solutions in both settings.

1.4.1 Continuous quasi-variational inequality systems

We study a system of n € N coupled quasi-variational inequalities, where each component in-
volves an elliptic operator and is linked to the others through inequality constraints.

The objective is to determine a vector-valued function:
9=, ...,0") € (H&(Q))",
that satisfies the system of inequalities stated below. For each index i € {1,...,n}:
 Elliptic operator: A’ is given in (1.2).

« Bilinear form: a'(-,-), associated with A’ (see (1.1)).

21



Continuous quasi-variational inequality systems

o Coefficients: al,,a’, a) € C?(Q), satisfying (1.3), (1.4), and (1.5).

« Source term: [ € C*(Q), with F* > 0 in Q (see (1.7)).

o If MY = k+ 9 with kK > 0, in (1.21), then the system is given by the following weak
formulation:

Find ¢ = (9%, ...,9") € (HL(2))" such that for each i =1,...,n:
al (9, u— 9% > (Fou—19%, Yue HH (),

V< k409 with u < K + 9,

Pt =91, k> 0.

(1.24)

—g Theorem 1.4.1: [22] &

Let the assumptions and notations introduced in (1.1) and (1.7) be satisfied. Then, the
system described in (1.24) admits a unique solution in the product Sobolev space:

9=, ...,9"), withd' € W?P(Q), 1<p<oo, i=1,...,n.

A fixed point mapping associated with the system of QVIs

In order to analyze and approximate the system (1.24), it is convenient to recast it as a fixed-
point problem. The reformulation is organized as follows:

| )
=1

where each component belongs to the cone of nonnegative essentially bounded functions on 2.

For any vector:
V=@, o) eH"

define:
T:H" — HT,

1.25
Vi TV = (0',...,9"). (1.25)

Each component 1 is obtained as the unique solution of:

a' (9 u—19% > (F'ou—9"), Yue Hi(Q),
W< k40t u < k4ot (1.26)
with 97+ = 9t

The solution of problem (1.26) satisfies:
V9 =T(k+ o). (1.27)
The formula (1.27) can be verified as follows:
TV = [T(k+0*),T(k+0%),...., T(k+ "), T(k+v")]. (1.28)

This fixed point setting makes it possible to construct iterative procedures based on repeated
applications of T'. Under suitable assumptions, such as monotonicity or contraction properties,
these iterations converge reliably to the unique solution of the quasi-variational system.
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Continuous quasi-variational inequality systems

Some properties of the mapping 7T’

In order to analyze the iterative behavior of the operator T, it is useful to introduce an auxiliary

function. Define . R R
90 = (00, 90,

where each component is obtained as the unique solution of the following independent varia-

tional problem: o .
a' (90 u) = (F'u), Yue€ Hy(Q), 1<i<n. (1.29)

The assumptions stated in (1.1)—(1.9) guarantee the existence of a unique positive solution,
with the additional regularity N
191,0 c WQ,OO(Q)J

for all indices 1.

— Proposition 1.4.1: [22] §

For any V,U € H™, the following properties hold:

TV <TU whenever V < U, (1.30)
TV >0, VYV eH, (1.31)
TV <9°, VYV eH" (1.32)

— Proposition 1.4.2: [22] §

The operator T is concave and Lipschitz continuous on the space H™, that is,

ITU = TV||oo < ||U = V|, U,V € H*.

Continuous iterative scheme

To approximate the solution of the quasi-variational inequality system introduced in (1.24), we
consider a continuous iterative procedure that exploits the monotonicity of the operator T'. The
idea is to generate two sequences, starting from an upper and a lower solution of the system,
and to update them recursively through successive applications of 7.

We begin with the initial upper solution 190, which is known to solve the auxiliary problem
(1.29), and with the trivial lower solution given by the zero function ¢¥° = 0. The sequences are

then constructed as: . R
=Tk k=0,1,..., (1.33)

and § .
L =T9% k=01,.... (1.34)

In order to analyze the convergence of this scheme, we introduce the positive cone in H™,
K={U € H* such that 0 < U < 9%}

The next lemma provides a key lower bound that compares the action of 7" at the zero function
with the initial upper solution. This estimate plays a central role in ensuring that the iterative
sequences remain well controlled.
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Lemma 1.4.1: [22] §

Assume that: 0 < v < inf <W, 1> . Then the following inequality holds: 7(0) > vi°.

Building on this estimate, the following proposition combines the concavity and monotonic-
ity of T' (see proposition 1.4.2) with the lower bound estimate in lemma 1.4.1 to derive a sharper
comparison inequality between two elements of the cone K.

— Proposition 1.4.3: [22] &

Let o € [0,1] be such that, for any U, U € K, the relation (1.35) holds:
U—-U < oU (1.35)

Then, combining the monotonicity of T" with the lower bound estimate in lemma 1.4.1,
one obtains:

TU —TU < o(1 — v)TU. (1.36)

Convergence of the continuous iterative scheme

The next result shows that the iterative sequences constructed in (1.33)—(1.34) are stable,
remain bounded within the cone K, and converge monotonically toward the unique solution of
the quasi-variational inequality system. The proof relies on the monotonicity property (1.30),
the upper bound property (1.32), and the refined comparison inequality of proposition 1.4.3.

— Proposition 1.4.4 &

Let (0%) and (%) be the sequences generated by the iterative scheme (1.33)~(1.34). Then,
both sequences remain in the set K and converge monotonically from above and below,
respectively, toward the unique solution of the quasi-variational inequality system (1.24).

Ca

The proof is structured in four steps.

« Step 1. Monotonicity and boundedness of (%)
From the definition of the iterative process (1.33) and the variational inequality
formulation (1.26), for each k£ > 1 the vector :

B ()
satisfies the system:
al (9% y — 95k) > (Fi oy — 9, Yu € HE(Q),
Pk < g OFFLETL gy < g LRl =12, (1.37)
1§n+1,k _ 1§1,k_
Since F' > 0 and the initial guess satisfies 90 > 0, the comparison principle for

variational inequalities implies that:
9 >0, Vk>0. (1.38)
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Moreover, proposition 1.4.2 ensures the monotonicity of the operator 1. Hence, by
the recursive definition (1.33), one obtains:

Ot = T9° < 9°.
Iterating this inequality yields the nested sequence:
0< P =ThF <P <... <% Yk >0, (1.39)

which establishes both the non-negativity and the monotone decay of the iterates.
Consequently, the sequence (%) remains bounded inside the cone K, thus setting
the basis for convergence analysis in the next steps.

« Step 2. Convergence of (J%) to a limit function
From the monotonicity and boundedness properties established in (1.38)—(1.39),
the sequence (%) converges pointwise almost everywhere in Q. Hence, for each

component i = 1,...,n, there exists a function ¥° € K such that:
Jim D () = 0i(z), ze€Q, withd' eK. (1.40)
—00

To reinforce this convergence, we derive energy estimates from the variational in-
equality (1.37). Choosing the admissible test function v = 0, we obtain:

ai<Q§i7ka _1§Z’k> > <|}_17 _792.7k>7
which after rearrangement gives:

ai<1§i,k’1§i,k> < Hl]jz 191 k

s |94

By the coercivity of the bilinear form a’, there exists A > 0 such that:

~ 0|12 A A~
A 19’L,k: < a’ <,l9z,k7 ,ﬁz,k>.
HY(Q)
Thus,
a2
A ’ ﬁz,k < I]_—z ‘ 191 k ‘ ’
which implies the uniform estimate:
A 1
i,k 7
‘ v X H[F ||L2(Q) ¢,

for some constant C' independent of k. Consequently, the sequence (19”“) is uni-
formly bounded in H'(2), and we obtain the weak convergence

lim 9% = ¢ weakly in H'(Q). (1.41)
k—o0
This weak convergence, combined with the pointwise convergence in (1.40), ensures

that : 9 = (9',...,9") is a candidate solution of the quasi-variational inequality
system (1.24).
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« Step 3. Verification that the limit satisfies the QVI system
We now show that the limit function 9 = (9, ..., 9") satisfies the quasi-variational
inequality system (1.24).

From the iterative scheme we have, for each component:
Qgﬂ’k(l') < Fd_i_@z#l,kfl(x)'

Passing to the limit as & — oo and using the pointwise convergence in (1.40), we
deduce: B B
V(z) < k+ 09" (2), forae 2€Q, i=1,...,n

This confirms that the obstacle constraints of the system are satisfied.

Let u € Hj(Q) with u < & + 91 Since PiHbE=1 i+l monotonically from
above, we have : u < k + 971 =1 for all sufficiently large k. Hence, v is admissible
as a test function in the discrete variational inequality (1.37).

Using the weak convergence in (1.41), the pointwise convergence in (1.40), and the
weak lower semicontinuity of the bilinear form a‘, we can pass to the limit in (1.37)
to obtain:

a (0 u— 0" > (F'ou—9Y, Yue Hy(Q), u<r+J™

This is exactly the variational inequality defining the solution of the system.

Therefore, the limit function satisfies the quasi-variational inequality system, and
by uniqueness of the solution we conclude:

9=d=@,... 0.

« Step 4. Convergence of the lower sequence
The monotonicity of the sequence (19’“) can be established by an argument

analogous to that used in Step 1 for the sequence (19’“)

To prove convergence toward the unique solution of the system (1.24), we exploit
inequalities (1.35) and (1.36) with the specific choice:

Uzlgo, U=79, o=1
Applying inequality (1.35) gives:
T9° — T9° < (1 — v) T,

which leads to the bound:
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Using inequality (1.36), this estimate propagates recursively:
0<9? =92 < (1—v)2?
and by induction:
0<% — 9% < (1— v)Rdk < (1— )0 < (1— vk Héouw, vk > 0.
The difference between the two sequences thus decays exponentially:
OF—9F — 0 ae inQ, ask— oo

Since V¥ — 9, we deduce: )
O — 9 =0,

where 1 is the unique solution to the quasi-variational inequality system (1.24).

—w Remark 1.4.1 &

From the result established above, it is evident that the solution 9 of the system (1.24)
is a fixed point of the operator T', that is:

0 =T9. (1.42)

The following estimates provide a quantitative description of the convergence behavior of
the iterative schemes defined by (1.33) and (1.34). These results will play a crucial role in the
forthcoming analysis of error estimates in the context of finite element discretization.

Geometric convergence of the iterative scheme

— Proposition 1.4.5: [22] &

There exists a constant (0 < p < 1) such that the iterates 0% and 9F satisfy the following
geometric convergence estimates:

ol <. "

|95 — 9| _ < p" ||0° (1.44)

‘ [e.0]

“a

To establish the geometric convergence, we divide the argument into successive steps.
From (1.39)—(1.40), we have:

which implies:
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Applying inequality (1.36) with o = 1, we obtain:
0< TP —T0 < (1—v)TV".

Using identity (1.42) and the definition (1.33), this leads to:

0<d' —9 < (1—w)d.
Repeating the argument with (1.36) and o = 1 — v, we get:

0<P? -9 <(1—v)%
By induction, one deduces:

0 <9 —0 < (1—v) 0% < (1—v)".

Taking the supremum norm yields (1.43). The proof of (1.44) follows analogously for the
sequence (U¥) and is therefore omitted.

1.4.2 Discrete quasi-variational inequality systems

We now turn to the discrete counterpart of the quasi-variational inequality (QVI) system, ob-
tained through finite element approximation of the continuous problem. The aim is to establish
a rigorous discrete formulation and confirm that essential properties such as stability, mono-
tonicity, and uniqueness are preserved after discretization.

Let Vj, C Hg(2) be a conforming finite element subspace, constructed on a mesh of size h.
For each index i = 1,...,n, the discrete analogue of the continuous QVI system (1.24) reads
as follows: find 9% € V}, such that:

ai<19§l,uh — 192) > (?i,uh — 79;), Yuy, € Vh,
9 < (e + 9, wp <rp(k+ 00, fori=1,...,n, (1.45)
opHt = gl

Here, the discrete bilinear forms a'(-, -) are represented by the stiffness matrices &*. We assume
that each 7% satisfies the discrete maximum principle, i.e., it is an M-matrix in the sense
of [29]. This structural property guarantees that the discrete formulation inherits fundamental
qualitative features of the continuous problem, such as stability, positivity, and monotonicity.
Since the proofs of these properties follow closely the continuous arguments, they are omitted
here for brevity.

Theorem 1.4.2: [22] &

If each stiffness matrix &% satisfies the discrete maximum principle, then the quasi-
variational inequality system defined by (1.45) admits a unique solution.
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Discrete fixed point operator for the QVI system

To construct an iterative resolution method for the discrete quasi-variational inequality sys-
tem, we associate it with a nonlinear operator defined through auxiliary discrete variational
inequalities. This operator plays the role of a fixed-point mapping.

We introduce: .
Ty : H" — (Vh) R

Vs T,V = (9),....07),

where each component ¥ is uniquely determined as the solution of the constrained discrete
variational inequality:

(1.46)

a (O, up —0%) > (Fu, —0%), Vup €V,
0% < rp(k+0™), wy < rp(k 4ot
with 97! = 91,
The solution of problem (1.4.2) satisfies:
L= Th(k + 0", (1.47)
The formula (1.47) can be verified as follows:
TV = [Th(k + %), Th(k +0%), ..., Tp(e+0"), Th(k+0")].
We choose as initial guess the discrete vector:
0y = (9,°,...,0;°),
which is obtained as the finite element approximation of the continuous supersolution intro-
duced earlier. It is defined through:
a (000 wp) = (F'u), Yu, €V, 1<i<n. (1.48)

From the correspondence between the continuous and discrete problems, it follows that T,
admits a unique fixed point. Moreover, the discrete maximum principle together with the
positivity of the data .Z#? guarantees that the starting iterate satisfies:

99 > 0.

Fundamental properties of the discrete mapping 7},

We next analyze the main features of the discrete operator T}, introduced in (1.46). Its behavior
closely parallels that of the continuous counterpart 7" defined in (1.25)—(1.28). In particular, the
discrete mapping preserves three essential qualitative properties: monotonicity, non-negativity,
and boundedness. These are gathered in the following statement.

— Proposition 1.4.6: [22] &

For any U,V € H*, the operator T} satisfies:
U<V = T,U<T,V,
T,V >0,
T,V <.

Beyond the above features, the operator 7}, retains further regularity properties analogous
to those established in the continuous case (cf. proposition 1.4.2). These can be summarized
as follows.
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— Proposition 1.4.7: [22] §

The mapping T}, is concave on H*. In addition, it is Lipschitz continuous with constant
one, namely:

ITWU - TV < U=V, UVeH" (1.49)

Iterative procedure for the discrete QVI system

To approximate the solution of the discrete quasi-variational inequality system given in (1.45),
we introduce an iterative method that repeatedly applies the discrete operator 7}. Beginning
with an initial estimate, this approach generates a sequence of approximations converging to
the unique fixed point of the operator.

Let the starting point 192 be determined from the solution of the variational problem (1.48),
or alternatively, consider the zero initialization:
99 = (0,0,...,0).
We then define the iterative sequences as follows:
P =T 0k k=0,1,2,... (1.50)

and similarly, ) )
I =108, k=0,1,2,...

In order to maintain the iterations within a well-defined functional framework, we restrict the
sequence to a convex and bounded set:

Mh:{UeH+‘O§U§1§?L}.

A key element for understanding the behavior of these iterates is a lower bound on the image
of the zero element under 7},

—4 Lemma 1.4.2: [22] &

Let v be a positive constant such that: 0 < v < min <H19(f ,1> . Then the operator
h

Hoo

satisfies: T,(0) > 119,

Finally, we state a contraction-type property that is fundamental in estimating the con-
vergence speed of the iterative scheme. This result shows that, under a suitable smallness
condition, T}, behaves as a contraction on Kj,.

— Proposition 1.4.8: [22] &

Assume there exists a constant g € [0, 1] such that:
U-U<oU, VYUU €K,
Then, the following inequality holds:
TwU — TWU < o(1 — v) THU.

30



Finite element approximation in the L® norm

Convergence analysis of the discrete iterative procedure

With the discrete iterative framework in place, we now turn to the study of the convergence be-
havior of the sequences it generates. The following result ensures that these sequences converge
monotonically towards the unique solution of the discrete quasi-variational inequality system.

— Proposition 1.4.9: [22] &

The iterative sequences (@ﬁ) and (19;2) remain well-defined within the set K, and converge
monotonically to the unique discrete solution of system (1.45). More specifically, the
sequence (ﬁﬁ) approaches the solution from above, whereas (19’;) approaches it from

below.

—w Remark 1.4.2 &

As a direct implication of Proposition 1.4.9 , the discrete solution of (1.45) can be equiv-
alently characterized as a fixed point of the operator T}, i.e.,

Q9h = Th’ﬁh.

Quantitative geometric convergence

Beyond mere convergence, it is important to quantify the speed at which the iterative sequences
approach the fixed point. The next proposition establishes that this convergence occurs at a
geometric rate, guaranteeing a rapid reduction of the approximation error measured in the
supremum norm.

— Proposition 1.4.10: [22] &

There exists a constant 0 < p < 1 such that the sequences (192) and (@ﬁ) satisty the

following geometric convergence estimates:

|95 =ou] < o %

; (1.51)

oo

95 = nll., < o 92| - (1.52)

1.4.3 Finite element approximation in the L>* norm

This section is devoted to the analysis of the approximation properties of the finite element
scheme in the L*(€) norm. Using classical finite element approximation results and a local
comparison between the continuous and discrete subsolutions, we derive the following estimate.

Theorem 1.4.3: [28,44] §

Let 90 (respectively, 9%°) denote the solution of the continuous problem (1.29) (respec-
tively, its discrete approximation (1.48)). Then, for each subdomain ¢ = 1,2,... n, the
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following estimate holds:

PO — 520 < C'h?|log h*/?. (1.53)

Auxiliary iterative sequence for variational inequalities

’LOO(Q)

To facilitate a more detailed analysis of the approximation error, we define an auxiliary se-
quence:

B = (I

which acts as an intermediate step connecting the discrete solution to the fixed-point formula-
tion of the system. For each iteration k£ > 1, the component 192”“ is characterized as the unique
solution of the following variational inequality: [22]

T 0 ) 2 (Fou— 9%, v BO),
O < 4+ < g 9L =120 n,

Sntlk _ Glk 30,0 _ 50
Iy =9% and 90 =0},

where the vector 9% = (9%, ... J™*) is as defined in (1.33). Equivalently, this sequence can
be interpreted operatorially as:

O =T0%, 99 =499, (1.54)

This auxiliary sequence clarifies the structure of the fixed-point operator T} and provides a
tool to control the regularity of iterates throughout the discrete procedure. The following
proposition confirms that both 9% and ¥** remain uniformly bounded in W2?((2), which is
essential for establishing uniform error estimates.

— Proposition 1.4.11: [28,44] &

Under the hypotheses (1.1)—(1.9) and the regularity condition (1.13), there exists a con-
stant C', independent of k, such that:

max <||1§li’kHW2’p(Q)7 “éi’kHWQ’p(Q)) < C? 1= 1727 s N 1< p < o0.

— Proposition 1.4.12 &

Within the established framework, the auxiliary sequence satisfies the uniform error bound

[9% — 95]| < C h?|logh?. (1.55)

The following lemma plays a crucial role in connecting the exact sequence U% with the
discrete iterates 9%, allowing us to quantify the total error using the auxiliary sequence:
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—+4 Lemma 1.4.3: [22] &

For all £ > 0, the inequality (1.56) holds:

k
19% = Dklloo < Y 1107 — I |oc (1.56)
p=0

T a

The proof proceeds by mathematical induction on the iteration index k.

% Base case (k =1).
From definitions (1.50) and (1.54), we have:

0 = T,09,  9h =T,
By the triangle inequality,

Using the lipschitz continuity of T}, ( proposition 1.4.7 and inequality (1.49)) gives:

aoall <lo—al +lld—al < [or—a <o

<]

]
oo

<]
[ee)

—|—’ +HTH§2_TM§2H .
o0 (o] o0

o0

(&,g_ﬁ; < \@1_&; +HQ§0—792H .
e} [e.e] e}
Hence,
1
‘ﬁl—ﬁi gZ]ﬁp—ﬂf;
00 =0 00
< Inductive step.
Assume that for some k£ — 1,
k—1
Gk—1 _ k-1 3 3
‘W 9 < (W—ﬁ

We prove the result for k. From the recursive definitions,
OF = T0F 1t 9F = 1,08t
Thus,

IN

[ N L I I N

IN
<
o
|
s
=
+

Tp0F Y — T+t

< ||0F = k|| 4 [[9Ft — é’;—lH
< ||9* — 0% W+Z’1§p—q§§ .
p=0
Using the inductive hypothesis yields:
k
I
p=0

This completes the proof.
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Combining Propositions (1.4.5), (1.4.10), (1.4.12), lemma 1.4.3, and theorem 1.4.3, we are
now in a position to derive the main convergence result for the fully discretized quasi-variational
inequality system.

L*>-error estimate for the system of QVIs

In this subsection, we establish a uniform error bound in the L*°-norm between the exact
solution 9 and its numerical approximation v,. This result describes the asymptotic behavior
of the discretization scheme with respect to the mesh size h, providing a rigorous measure of
accuracy as h — 0.

—§ Theorem 1.4.4: [22] §

There exists a constant C' > 0, independent of A, such that the numerical solution satisfies
the following global error estimate:

“a

To establish the uniform L*>-error bound, we decompose the proof into clear stages.

% Step 1.
We split the total error as follows:

|9 — |l < Ch2| log h\3.

|W—ﬁﬂm§Hﬁ—ﬁw +H#—§% +H%—wJ\.

% Step 2.
Using the contraction properties,

[k NETl U W L e U

% Step 3.
By lemma 1.4.3,

g — g

k
o= ol < [ =on] .+ X
Using (1.53), (1.55), (1.51), (1.56), we obtain:

Hﬁo - égH < Ch2|log h*?, ‘ g7 — g

< Ch?|log h|?.

% Step 4.
Combining all contributions,

19 = Onllos < PH19lls0 + 0" 19} ]l + C?|Tog B> + kCh| log h|*.

R
**

Step 5.
Choosing k such that p* ~ h?, i.e. k ~ |loghl|, we obtain:

|9 — ||, < Ch?|logh|?.

This completes the proof.
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Chapter two :

Overlapping domain decomposition
methods for coercive HJB equations

This chapter investigates the coercive Hamilton—Jacobi—Bellman problem in both continuous
and discrete settings. Existence, uniqueness, and convergence are established using monotone
iterative sequences combined with overlapping domain decomposition methods. The analysis
is validated by finite element simulations and a comparison between overlapping and
non-overlapping decomposition strategies.
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2.1. ANALYSIS OF THE HJB PROBLEM

2.1 Analysis of the HJB problem

This section studies the coercive Hamilton—Jacobi-Bellman problem in both continuous and
discrete settings. Existence, uniqueness, and convergence results are established using finite
element approximations together with L>-error estimates.

2.1.1 The continuous HJB problem

Mathematical formulation of the HJB problem

We investigate a class of deterministic optimal control problems whose value function is charac-
terized as the unique viscosity solution to a fully nonlinear elliptic partial differential equation
of Hamilton-Jacobi-Bellman type. Specifically, we consider the boundary value problem given
by:

max (Nﬂ — Fi) =0 1in
1<i<n (21)

9 =0 on 0,

where Q@ C RY is a bounded open domain with smooth boundary, and ¥ is the unknown
function. The differential operators A?, which reflect the dynamics and costs associated with
different control modes, are defined by:

A = E a’ () il + E al(z) 09 + apy(z)0 (2.2)

B =Y 0x,0x S ox, O '

1<z,s<N 1<s<N
and their bilinear forms are associated with A’, for v,u € H'(Q):
N N
. , Jv Ou . Ov ;

(2 — (2 (2 (2 . 2.

a' (v, u) /Q (Z ESZlazs(:L’)—axz ar. + 5221 as(x)—axsu + ao(x)vu> dx (2.3)

Throughout, we assume that the coefficients of the operators satisfy the following structural
and regularity conditions:

For each i € {1,...,n}, the functions a’,, a, a} belong to C*(Q).

zs77s)

7
28

The symmetric part of the matrix (a’,) is uniformly positive definite, that is,

N
D al()€8 > 0] forall ¢ € RY, and x € O, with 6 > 0. (2.4)

z,5=1

The coefficients satisfy the symmetry condition

az (1) = a,, (), (2.5)
and the zeroth-order term is uniformly coercive:
ap(z) >~ > 0. (2.6)

The source terms [ € C%(Q) and are non-negative:

F' > 0. (2.7)
Existence, uniqueness and regularity of the solution

The properties of existence and uniqueness for the solution of (2.1) follow from the structure
of the maximum operator combined with the uniform ellipticity and coercivity of each A’. In
previous studies [42], to simplify computations, the Hamilton-Jacobi-Bellman equation was
approximated by a quasi-variational system (1.24).
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—@ Theorem 2.1.1: [42] §

As k — 0, each component of the system (1.24) converges uniformly in C(£2) to the
solution ¥ of the HJB equation (2.1). Additionally, the system (1.24) or (2.1) admits a
unique solution that belongs to the Sobolev space (W?2?())", where 2 < p < oco.

2.1.2 The discrete HJB problem

In this part, we address the discrete approximation of the coercive Hamilton-Jacobi-Bellman
problem. The continuous domain €2 is discretized through a triangulation process, and the
solution is approximated using finite element methods. We follow a systematic discretization
strategy that ensures stability and convergence while preserving the structural properties of
the original system.

Discretization by finite element method

Let Q C RY be a polygonal domain covered by a family of conforming, quasi-uniform triangular
meshes denoted by 7", where h > 0 indicates the mesh parameter. On this triangulation, we
construct the finite element space

Vi, = {uh S C(Q) ﬂH&(Q) :uh|K e P, VK € Th},

where P; denotes the set of polynomials of degree one. The functions in V}, are continuous and
piecewise affine, vanishing on the boundary. Let {(pz}ivz(’f) be the nodal basis of this space. The
discrete operators @/* € RNW*N() ' corresponding to the bilinear forms a’(-,-), are defined by:

%is:ai<90z7908>7 1<z,s<N(h), 1<i<n.
The right-hand side vector approximating the source term is given by:

Fr=(F' ), 1<z2<N(h), 1<i<n.

z

With these notations, the finite element discretization of the HJB problem leads to the following
discrete system:

Find ¢, € V}, solution to:
(2.8)

max (/"9 — F') = 0.
1<i<n
The matrices 27* are designed to satisfy the discrete maximum principle and possess the struc-
ture of M-matrices, as detailed in [29].

Existence, uniqueness, and convergence of the discrete solution

Due to the coercivity and regularity properties inherited from the continuous setting, and
assuming that the dmp condition is satisfied, the discretized HIJB system (2.8) is well-posed.
It can be alternatively interpreted as a limit of a family of discrete quasi-variational inequality
problems parameterized by x > 0, as discussed in [33]. This perspective provides a convenient
framework to establish stability and convergence.
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—@ Theorem 2.1.2: [33] &

Assume the discrete maximum principle holds. Then, the discrete problem (2.8), or equiv-
alently the quasi-variational system (1.45), admits a unique solution ¥, € V. Moreover,
as K — 0, the approximating sequence of solutions to (1.45) converges uniformly in C(£2)
to ¥ h-

2.1.3 L*-error estimate for the discretized coercive HJB equation

We now turn our attention to the analysis of the discretization error associated with the finite
element solution of the coercive Hamilton-Jacobi-Bellman equation. In particular, we aim to
establish a convergence estimate in the uniform norm that quantifies how well the discrete
approximation v, replicates the exact solution 1} as the mesh is refined.

— Theorem 2.1.3: [22] §

Let 9 be the unique solution of the continuous HJB problem (2.1), and let ¥;, denote the
discrete solution obtained from (2.8). Then, there exists a constant C' > 0, independent
of the mesh size h, such that:

Ca

We begin by decomposing the total error between the continuous and discrete solutions
into three distinct components. This decomposition will allow us to isolate the contribu-
tions from different sources of error. We proceed as follows:

19 = 9l < Ch*|logh*.

19 = Fnll(@) < max (19" = Dz (@) + 9" = Tl o) + 19, — Inllre@))
< 1HlaX (Hﬁl ﬁHLOO ) + maX (ngl ﬁzHL"O(Q)) -+ Ch2’ lOghIS,

Using the estimate established in theorem (2.1.1), together with the result of theorem
1.4.5. and the discrete maximum principle stated in theorem (2.1.2), we obtain the
following overall error estimate:

|0 = Opl| L) < Ch?|log h|?,

where C' is a constant that does not depend on the mesh size h.

2.2 Overlapping domain decomposition approach for HJB
problems

In this part, we investigate the use of overlapping domain decomposition techniques for the
resolution of Hamilton—Jacobi-Bellman (HJB) equations, following the framework introduced
n [46]. The computational domain is partitioned into several overlapping subregions, and
iterative constructions based on upper and lower solution bounds are employed. This procedure
guarantees the monotone convergence of the iterative sequences toward the exact solution of
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the discrete HJB formulation.

2.2.1 Domain partitioning and transmission boundaries

Let © C R? be a bounded domain with smooth boundary. To implement the overlapping
decomposition strategy, we divide {2 into two subregions, denoted by €2; and €25, in such a way
that the overlap between them is nontrivial:

QleLJQg, Qlﬂﬂg#@.
For each subdomain €2;, we denote its boundary by I';, where:
I =00, je{l,2}.

The portion of the boundary shared with the neighboring subdomain is referred to as the
interface:

These transmission boundaries X; ensure the proper exchange of information between the two
subproblems and are essential for maintaining consistency of the global solution.

In the numerical experiments considered here, the computational domain is chosen to be
the unit square [0, 1] x [0, 1]. The overlapping decomposition is constructed by defining:

0 =[0,8 % [0,1], Qo= la,1] x[0,1],

with parameters 0 < a < 8 < 1, so that €; and 5 overlap on the vertical strip [« 8] x [0, 1].

Y4 Overlap d=f-a
—>
!
';
|
Iy 3, 2 I,
0 a B 1 X
<€ Q4 >
<€ Q, >

Figure 2.1: The domain () and its decomposition into two overlapping subdomains

We introduce the index set {1,..., N} and divide it into two disjoint subsets:
{1,...,8 -1} and {a+1,...,N}.

Here, the integer parameter:

d=p—«

measures the size of the overlap between the two subdomains. In terms of the mesh size h, the
physical length of this overlapping portion can be expressed as:

o(h) = dh.

This factor o(h) quantifies the geometric extent of the shared region and will play a role in the
analysis of convergence.
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Discrete block matrix representation of the system

2.2.2 Discrete block matrix representation of the system

The discretized Hamilton—Jacobi-Bellman system can be written in a block structure by means
of a bilinear form a’(u, v) associated with the stiffness matrices /. The global unknown vector
I}, is partitioned according to the decomposition of the computational domain:

_ (VY
ﬁh - (192h) ;

where each block represents the discrete solution restricted to one of the subdomains.
The system matrix naturally acquires a block form:

%Z —_ Hi ; ) ’
(—%1 Ay

with diagonal blocks corresponding to the internal contributions of each subdomain, while the
off-diagonal blocks encode the coupling across the overlapping interfaces.
Similarly, the right-hand side vector is decomposed into two components:

The entries of the subvectors are given by the nodal values associated with the mesh points of
each subdomain, namely

in = (1)1, - - -, (ﬁlh)ﬁ—l)Ty Vo = ((Y2n)ast1s - - (192h)N)T~
This block formulation reflects both the local structure of each subproblem and the interde-
pendence created by the overlapping decomposition.
2.2.3 Decompositions of the matrix &'

We now investigate two different block decompositions of the global matrix .27, which are
central to the domain decomposition approach for Hamilton—Jacobi-Bellman equations. Such
decompositions simplify the algebraic structure of the system, allow an efficient implementation
of the iterative process, and contribute to the proof of convergence.

First decomposition

On the subdomain [0, 3], the matrix /¢ can be written in the following block form:

i JZ*712',1 _fQ{lig
o ‘(%f 7" )

Here, the blocks are defined as follows:
« o, € RO=D*E=D represents the contribution of the first subdomain €.
o 20 € RW=AH)XIN=B+1) corresponds to the remaining part of the domain outside €.
e The coupling blocks are given by:

o, € RE-DXN-B+1)  goi ¢ RIN-B+1)x(8-1)

and they ensure the interaction between the two subdomains across the overlap.
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Decompositions of the matrix .27

Second decomposition:

An alternative factorization of the matrix 27? is obtained by splitting it into block components
over the interval [a, 1]. The structure takes the form

; 9; €y
(—%,1 Ay

The interpretation of each block is as follows:

o The diagonal submatrices 2 € R** and %’2 € RIN=a)x(N=a) act, respectively, on the
degrees of freedom inside the first portion of the interval and on those of the subdomain
Qs.

« The off-diagonal components €3 € R**(N=%) and %ﬁl € RW=2)* encode the transmission
terms across the interface, ensuring communication between the overlapping parts of the
decomposition.

e In the limiting configuration where 8 = « 4 1, the overlap shrinks to a single point. In
this case one has the identities @', = 25 and o, = 2{. Hence, the geometric overlap
is minimal and the algebraic coupling vanishes completely.

Matrix extension for boundary compatibility

To maintain a consistent coupling between overlapping subdomains, the off-diagonal blocks ,@7{;2
and 42/2171 are extended by adding zero rows or columns. This zero-padding procedure aligns the
blocks with the global indexing of the interface and guarantees compatibility for any overlap
size.

The construction of the extended blocks is as follows:
o Extension from (), to ();:
"Z‘Zli,z = [0 (B=1)x(d-1) =Q{112] ) &inz € RP=1x(N=a),
« The leading zero block corresponds to the indices outside the overlap.
% The active block Jaff,g transfers information from €2, into the unknowns of €.
« Extension from €2; to (s:
42;2{1 _ [%21 O(Nfa)x(dfl)} 7 ~Q7~2i,1 c RIV-a)x(8-1)
« The trailing zero block represents the part of {25 outside the overlap.

% The active block o7 | enforces the coupling with €.

With this construction, the structure of the global operator is preserved, and the informa-
tion exchange across the overlapping interface remains consistent for any value of the overlap
parameter.
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Reformulated system over the extended domain

By introducing the extended coupling blocks, the discrete problem can be rewritten as a global
augmented system. The reformulated system takes the form

max (@fiﬂh—ﬁi> =0, in €,

1<i<n

I, =0, on 0f).

This extended formulation guarantees that information is properly transmitted across the over-
lap and preserves the continuity of the solution between subdomains. The construction becomes
particularly relevant when the overlap covers more than a single grid node.

% Special case: minimal overlap

e When the overlap is minimal, i.e., d = 1, the zero-padding vanishes, and the augmented
matrices coincide with the original local blocks.

« In this situation, the extended operator 7% reduces exactly to the initial block structure
o

- ol — ol ol A '
oft = 1& ‘1,2> — ( 1,% Z'1,2) = ot
(_%Z,l %Zz _%,1 2,2

This confirms that the extension procedure is conservative: it coincides with the original for-
mulation when no additional degrees of freedom are introduced by the overlap.

2.2.4 Iterative strategy based on overlapping subdomains

To tackle the discrete Hamilton—Jacobi-Bellman (HJB) problem (2.8), we employ an iterative
scheme rooted in the principle of overlapping domain decomposition. The global computational
domain is partitioned into two partially superposed subregions, {2; and €25, which enables local-
ized solution updates while preserving the global coupling. This framework not only enhances
parallelism but also improves the convergence properties of the method.

Local updates on subdomains

The algorithm proceeds in an iterative manner. At iteration k 4 1, the solution is updated
alternately on each subdomain, with interface data exchanged between neighboring regions.

« Update on (); : The discrete problem restricted to the first subdomain reads

max (szflﬁlf,jl — Z{) =0, inQy,
1<i<n ’

(19’1“;1)5 = (ﬁ’;h)ﬁ : on X,

where the boundary condition along the interface ¥, is supplied by the previous iterate
on the adjacent subdomain.

o Update on {25 : Once 19’1“;[1 is available, the solution on {25 is computed from:
i 9k+1l _ gri) :
{1rr<11a<>§ (g 055 — Fi) =0, inQ,
k k
(50"), = ("), on 3.
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Iterative strategy based on overlapping subdomains

« Compact representation : By incorporating the interfacial transmission conditions,
the coupled updates can be expressed more succinctly as

i qk+1 7i 9k il :
1<i<n

i qk+1 71 qk+1 agi |l _ :
max {%,219% — o Uy, — ,/2} =0, in Qy,

1<i<n

where the tilde-blocks explicitly encode the overlap-induced coupling across the interface.

Block formulation and Gauss—Seidel interpretation

The iterative procedure can be reformulated in a block-matrix setting. Defining the global
update vector
1916—1—1
ok — (Yin
h ﬁkJrl ’
2h

the iteration is written as:

Sy 0 (" Ay 0 ), (7 (2.9)
_%Z,l %12 Uan B 0 0 Dan F3) '
N ~ 7 D Y —
Left Gauss—Seidel Block Right-hand coupling from 9%

This formulation corresponds to the block Gauss—Seidel iteration for the global linear system
g = F,
where the standard splitting
(L + )" = — ok + F
is applied with the blocks:
o 2: diagonal blocks (& 1, 9% ),
o Z: lower block (—% ),
» 7 : upper block (< ).
In general, the Gauss—Seidel iteration is given by
9O e RN,
o, 9D = _i%’s YU _ i‘%’s 9W 4 F. z—=1,...,N. (2.10)

s<z s>z

Thus, the overlapping Schwarz procedure applied to the discrete HJB system can be interpreted
as a block Gauss—Seidel scheme, where the interaction between subdomains is expressed through
the off-diagonal blocks.

Subsolutions, supersolutions, and iterative scheme

We introduce the notions of subsolution and supersolution, which provide admissible lower and
upper bounds for the iterative process.

« Subsolution : A vector ¥, € RY is a subsolution if :

max {70, — F'} <0. (2.11)

1<i<n
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« Supersolution : A vector U, € RY is a supersolution if :

max {70, — F'} > 0. (2.12)

1<i<n

When .#¢ > 0 for all i, the zero vector defines an admissible subsolution:
99 = (0,0,...,0).
An admissible supersolution can be computed by solving the linear system:

A =F. i=1,...,n.

Initialization: Set 99 = (0,0,...,0), and let k = 0.
Step 1: Update on domain €2;:

i gk+1 7i ak il _
lrgax { 1,1791h - 1,279211 - fl} = 0.
<i<n

Step 2: Update on domain €25:

max { — sz;’li?]f}fl + %’25"5;1 — f;} =0.

1<i<n

Step 3: Convergence test: If the criterion is not satisfied, set k& < k£ + 1 and return to
Step 1.

2.2.5 Monotonic convergence of lower and upper sequences

This part is devoted to establishing the monotonic behavior and convergence of the itera-
tive sequences defined by the algorithm. The construction involves two sequences: the lower
approximations, which increase step by step, and the upper approximations, which decrease
iteratively. Both are shown to be bounded and to converge toward the unique discrete solution.

—@ Theorem 2.2.1 &

Let (0%) and (9%) be the sequences generated by Algorithm 1. Then (J%) is monotone
non-decreasing, (J5) is monotone non-increasing, and both converge to the same limit 9,
which is the unique solution of the discrete HJB system (2.8).

Ca

The argument proceeds in three stages.

o Step 1. The sequence of lower approximations (19@) is shown to increase monoton-
ically. Moreover, it remains bounded from above, which prevents divergence.

o Step 2. The sequence of upper approximations (1%) decreases monotonically, while
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Monotonic convergence of lower and upper sequences

being bounded from below, ensuring stability of the iteration.

o Step 3. Since the lower sequence is bounded above and the upper sequence is
bounded below, and both are monotone, their limits must coincide. The common
limit is precisely the unique discrete solution of (2.8), which concludes the proof.

The sequence of lower approximations :

We begin with the sequence of lower solutions (¥%). The aim here is to establish that this
sequence grows monotonically with respect to the iteration index, while remaining a valid
subsolution at every step. More precisely, we prove that:

Gh+1 ~ gk
ﬁh—i_ 2 ﬁh?
which ensures that the sequence is non-decreasing and bounded from above by the discrete

solution.

e Step 1: Monotonicity of the sequence
We begin by showing that the discrete sequence (192) 150 18 non-decreasing. This property
will be established through induction on the iteration index k.

% Base case: At the first iteration (k = 0), we verify the monotonicity separately in
each subdomain.

1. First subdomain. The discrete problem in the first region is solved as :

max {%ﬁﬂéih - ~11-,219(2)/1 - ﬁf} =0.

1<i<n

Since ¥) is a subsolution, it satisfies:

max {Jyli,llg(l]h - ~1i,21§gh - ‘jozll} <0.

1<i<n

A direct comparison of the two relations yields :

max {09, — 509 — 71 < max {0, — o085, - 71},

1<i<n — 1<i<n

thus, we conclude:
50 31
iy, < Uy,
2. Second subdomain. In the second region, the discrete problem reads :

max {— 0L, + 0, — yg} ~0. (2.13)

1<i<n

On the other hand, the subsolution property of 192 ensures :

max {—g@f;i’l?é(l)h + 09, — 325} <0. (2.14)

1<i<n

Since the result from the first subdomain ensures (99, < 91,), it can be shown
that:

max { ~ i, + Al — Fiy > e {0+ a0l — T

1<i<n 1<i<n
(2.15)
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By substituting Equations (2.13) and (2.14), we obtain:

max {—,Qf;i’ﬂih + %ﬁﬂééh — ﬁé} > max {—le;i,11§?h + f%i,ziggh - 9’22} '

1<i<n 1<i<n
Thus, combining this result with Equation (2.15), we conclude:
D3y, < Doy

3. Combined conclusion. By combining the inequalities obtained in the first
and second subdomains, we conclude that:

99 <95

Hence, the first iterate 19% still satisfies the subsolution property, which confirms
that the sequence is non-decreasing at the initial step.

« Inductive step. Assume by induction that the inequality
Gh— 3k
I <O

holds, and that 19’; satisfies the subsolution conditions. Our goal is now to establish
that:

* the monotonicity is preserved, i.e. 192 < 192“,
* and that the iterate 192“ remains a subsolution.

1. Analysis in the first subdomain. In this region, the problem is written as:

i gk+1 i Gk agil _
max { 1,1191h - 1,2792h - fl} = 0.
1<i<n

Since ¥} is a subsolution, we also have:

max {ﬁfﬁﬂélfh - g{z?ﬁ’;h - ﬂf} < 0.

1<i<n

By comparing the two relations, it follows that:
Gk Gh+1
Ui < Uy

2. Analysis in the second subdomain. Here, the corresponding formulation
is:
max {—ﬂf;ﬁl@’;ffl + ol 0 — %j} ~0. (2.16)

1<i<n

From the induction hypothesis that 19@ is a lower solution, we know:

max {—gf;il@’fh + 08, — yg} <0. (2.17)

1<i<n

Since we already established 9%, < 9%/ we deduce:

7i gk i, qk+1 ; 71 9k+1 ;. qk+1 ;
maxx { g 0, + Ao — 73} > max { - 05 + A0 - T
(2.18)

Moreover, combining (2.16) and (2.17) gives:

max { I+ A~ FiY > s { ol Oh+ Al - T

1<i<n 1<i<n
(2.19)

From (2.18) and (2.19), we finally deduce:

Gk Gk+1
Vo, < Uy
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3. Combined conclusion. By combining the inequalities obtained in the first
and second subdomains for k, we conclude that

gk qk+1
0F < Ot

Consequently, @]ZH preserves the subsolution property. Iterating this argument
yields:

30 — g1 9k gk+1

0 <O < <OE <O

which proves that the sequence is increasing.

o Step 2: Convergence of the sequence to the discrete solution.

We now establish that the sequence (%) converges to the solution of the discrete system
(2.8).

Since each iterate 19;3 is a subsolution, it satisfies the inequality:

max { /"0y — F'} <0. (2.20)

1<i<n
For a more precise analysis, we rewrite this condition in the equivalent form:
A — F<0, foralll<i<n. (2.21)

Moreover, we assume the existence of an element 192 that solves the discrete system,

namely it satisfies : N ‘
g, — F' =0, forall<i<n. (2.22)

By comparing (2.21) with (2.22), we directly obtain :
(I~ ) <.
Since the matrices 27* are M-matrices, it follows that :
Iy < 05,

This shows that the sequence (%) is bounded above by 9;. Combining this boundedness
with the monotonicity already proved, we conclude that the sequence is convergent. More
precisely, the limit is given by :

Jim I = ;. (2.23)

o Step 3: Identification of the limit as the discrete solution.

We now show that the limit previously obtained, 9; = (J%,,7%,), coincides with the
solution of the system (2.8).

According to the iterative scheme described in (2.2.4), we have for each iteration:

max {%i,ﬂélf;fl - VQ{EZ&S}L - ﬁf} =0, (2.24)
max {—%ﬁﬁﬁl + oy U — 9’5} =0. (2.25)

Passing to the limit as k — oo in (2.24)—(2.25), and recalling the convergence result in
(2.23), we obtain:

i Q% 71 Q% 2
11“2?3; {fomﬁlh - ~Q71,2 2h y1} =0,

71 Q% 3 Q% at |l __
lrgggg{—%,l 1h T oo Qh—JQ}—O-

47



Monotonic convergence of lower and upper sequences

This block formulation is equivalent to the compact system :

max {&7119* 91} =0

1<i<n

which shows that 192 indeed satisfies the original system (2.8). Hence, the limit of the
sequence coincides with the discrete solution of the problem.

» Step 4: Establishing the uniqueness of the discrete solution (2.8).
To complete the analysis, it remains to show that the discrete system (2.8) admits a
unique solution.

Assume, by contradiction, that there exist two distinct solutions, denoted by ; and ;.
By definition, each of them satisfies:

max {42%’ J"i}:(),

1<i<n
and

max {%119+ a\i} =0.

1<i<n

Hence, for every i, we have:

A - F <0, a9, — F' <0.

By the definition of the maximum, there exist indices p and p* such that:
AP, — FP =0, YY) — FP = 0.
Subtracting the corresponding relations yields:
79, —0F) >0, oP(9F —9;) >0
Since the matrices /* are M-matrices, it follows that:
9, >0 and 9} >0,

which implies:
9, =97

Therefore, the discrete system (2.8) admits a unique solution.

The sequence of upper approximations :

We now turn to the analysis of the sequence of upper solutions (19’5) The objective of this stage
is to prove that the sequence decreases monotonically with the iteration index while remaining
a valid supersolution. In particular, we show that each update preserves the inequality

Gk+1 ok
ﬁh—i_ S ﬁha
so that the sequence is non-increasing and bounded from below by the discrete solution.

e Step 1: Monotonicity of the sequence

We aim to prove that the sequence (@’;) is non-increasing. The proof is carried out
k>0

by induction on the index k.

48



Monotonic convergence of lower and upper sequences

% Base case: For the initial step (k = 0), the monotonicity is established in both

subdomains separately.

1. First subdomain. The discrete problem in the first region reads:

i 91 7t .90 ai | _

1<i<n

Since 99 is assumed to be a supersolution, it satisfies:

max { A0, — A0~ F} >0

1<i<n

Comparing both relations, we deduce:

max { o], 0%, — g0% — FL} 2 max {0 - 05, - 7

1<i<n 1<i<n

Therefore, the inequality:

holds true.

2. Second subdomain. The discrete problem in the second region is given by:

max {—o, 01, + o0, — Fi} =0,

1<i<n

On the other hand, since @2 is a supersolution, one has:

max { -~} + A0~ Fip >0

1<i<n

Using the inequality 99, > 91, it follows that:

max {_9‘27;,1@?;1 + %i,gl%h - ygl} < max {_L‘Zj;ﬂgih + %ﬁﬂ%h - 7

i1
(

1<i<n 1<i<n

By combining (2.26) and (2.27), we get:

(2.26)

(2.27)

2.28)

max {—ﬂf;ilig%h + %ﬁﬁ%h — 5‘3} < max {_%i,llg(l]h + f%izﬁgh - 3522} -

1<i<n 1<i<n

Finally, together with (2.28), we conclude that:

90 31
Ugp = Uap-

3. Combined conclusion. By combining the inequalities obtained in the first

and second subdomains, we conclude that:

90 31
09 > 91

Hence, the first iterate 1§}L is still a supersolution, which confirms that the se-

quence is non-increasing at the initial step.

« Inductive step. Assume by induction that the inequality

qk—1 ak
It > 0

holds, and that 192 satisfies the supersolution conditions. Our goal is now to establish

that:
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Monotonic convergence of lower and upper sequences

* the monotonicity is preserved, i.e. 19’; > 19’2“,
x and that the iterate 19’2“ remains a supersolution.

1. Analysis in the first subdomain. In this region, the problem is written as:

i gk+1 7i gk ail _

1<i<n
Since 9} is a supersolution, we also have:

max {%ﬁﬂ%h - ~1i,21§]2€h - ﬁf} 2 0.

1<i<n
By comparing the two relations, it follows that:
9k 9k+1
Oy, > O

2. Analysis in the second subdomain. Here, the corresponding formulation

1S:
max {— 0 4 0 — %j} —0. (2.29)

1<i<n

From the induction hypothesis that 192 is a supersolution, we know:

max {—ngl@’fh + %{ﬁ’gh - ﬁ;} > 0. (2.30)

1<i<n

Since we already established 1§’fh > 19’1“;[1, we deduce:

7i ,ak i gk+1 j 7i ,gk-+1 i gk+1 '
nax {_42722,1791}1 + Ay Vg, — }‘2’} < max {_ o1V, + Ayl — yzl} :
(2.31)

Moreover, combining (2.29) and (2.30) gives:

max { —o 08 + a0 = Fh < max { g, O, + g0, - T}

1<i<n T 1<i<n
(2.32)

From (2.31) and (2.32), we finally deduce:
= D3

3. Combined conclusion. By combining the inequalities obtained in the first
and second subdomains for k, we conclude that:

ak 9k+1
OF > g+t

Consequently, 192“ preserves the supersolution property. Iterating this argu-
ment shows that:

30 < g1 Gk ~ ak+1

W= 0h > >
which proves the monotonicity of the whole sequence.

+ Step 2: Convergence and lower bound of the sequence
We now show that the sequence (J5) is bounded from below and convergent to a limit
.
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Since @ﬁ is a supersolution, we have for all 1 <1 < n:

max {M@’; - 5?} >0 = o — F>0. (2.33)

1<i<n
Assume that there exists 19,"; satisfying:
A5 — F=0. (2.34)
Combining (2.33) and (2.34), we obtain:
(0} —0;) > 0.
Since each matrix 7' is an M-matrix, it follows that:
05 > ;.

This shows that the sequence (@ﬁ) has a lower bound, namely @2 Because the sequence
is monotonically decreasing and bounded from below, it must converge. In particular, we

have:
lim 9% = ;.
k—o0

Adjacency between the sequences (19',;3) and (19’,;7):

We aim to show that the sequences (%) and (J%) are adjacent on each subdomain. Specifically,

we will demonstrate that:
IE<9F, keN.

% Base case: At the initial iteration (k = 0), assume that 99 < 9.

1. Analysis in the first subdomain. In the first region, the sequence 19% is a subso-
lution, satisfying:
max {%{ﬁ}h — 0, — gz;} <0. (2.35)

1<i<n

Meanwhile, 1§,11 being a supersolution implies:

max {%ﬂﬁ}h — 0, — y;} > 0. (2.36)

1<i<n

By comparing (2.35) and (2.36), we immediately deduce:
i gl g g0 g {iAl_NiAO_o“i}
2?51 {4271,1191h 1.202n fl} = 112%); A 101 1oV — F1 (-

Therefore, 99, < ¥9,, and we deduce:

2. Analysis in the second subdomain. In the second region, the sequences satisfy:

112.&} {_ﬂ;i,ﬂgih + %ﬁﬂ%h - yﬁ} <0, (2.37)
and . o ‘
max {—o 01, + 08, — T3} > 0. (2.38)
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Monotonic convergence of lower and upper sequences

Comparing (2.37) and (2.38) gives:
max {7\ OY, + Aol — Fi} < o { i, O + Aiylh, - Fi)
Using the result from the first subdomain (9}, < @}h), we conclude:
o < Vi
3. Combined conclusion. By combining the inequalities obtained in the first and
second subdomains, we finally obtain:

I} < 05
This confirms that the inequality is preserved at the first iteration across the whole
domain.

% Inductive step: Assume by induction that the inequality:
5k — gk
9 <0
holds for a given iteration k. We aim to prove that it also holds at the next iteration, i.e.,
Gk+1 - Gk+1
Ottt <9t
1. Analysis in the first subdomain. In the first subdomain, 192“ satisfies the
subsolution condition:

i ak+1 71 gk art
max { L1V — 05, — fl} <0.
1<i<n

Simultaneously, 19’;“ is a supersolution, so we have:

max {42{1111911?{1 — ol 0, — ﬁf} > 0.

1<i<n

By directly comparing the above relations, we obtain:

i gk+1 7i gk gt i gk+1 7i gk gt
max {%,119111 — A gV, — /1} < max {5271,1191h — A g0 — f1} -

1<i<n 1<i<n
Because we assumed 0%, < ﬁ’;h, it follows that:
qk+1 gk+1
Un <0y, -
2. Analysis in the second subdomain. In the second subdomain, the corresponding
problem reads:

7i Gk+l i gk+1 ' 7i Gk+1 i ak+1 '
mnax {_%1,1791;{ + %2,2192;{ - yzl} < max {_%1,1?91; + %2,2792;; - 5521}

1<i<n 1<i<n
Using the result from the first subdomain, 1911“;1 < 19’1“;{1, we immediately deduce
that:

qk+1 gk+1
Vg < Uy -
3. Combined conclusion. By combining the inequalities obtained in the first and
second subdomains for k, we have:
qk+1 qk—+1
0 <O
Both sequences, (9%) and (%), are monotone —one increasing and the other decreasing—
while remaining confined within their respective bounds. Since the sequences are
adjacent, their limits coincide, ensuring convergence to the same discrete solution.
Therefore, the iterative process produces:
lim JF = lim 9% = 4,
k—o00 k—o00

which represents the unique solution of the discrete problem (2.8).
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Geometric convergence of lower and upper iterates

2.2.6 Geometric convergence of lower and upper iterates

In this subsection, we establish the geometric convergence of the lower and upper sequences
generated by the iterative algorithm. We show that the lower iterates form a non-decreasing
sequence, while the upper iterates form a non-increasing one, and both converge geometrically
to the unique solution of the discrete system.

—@ Theorem 2.2.2 &

Let 99 be an arbitrary initial guess. Then, the sequence (J%) produced by the iterative
scheme defined in algorithme 1 converges geometrically to the unique solution of the
discrete system (2.8). More precisely, there exists a constant 0 < p < 1 such that:

a

We now present the proof of convergence by decomposing the argument into three main
stages.

[O5+ = Ogllzeo(o) < PFIIO = Pllpe),  VE €N

e Step 1: Analysis in the first subdomain.

Let us start from the discrete formulation restricted to the first subdomain. At two
successive iterations, the scheme satisfies:

i qk+1 7i qk ai | __
max { 171191h - 1,2’92h - Jl} =0,
1<i<n

and

i gk Zi gk—1 il _
max {47-71,119”1 — Uy, — f1} =0.
1<i<n

This corresponds to solving the problems:

max (fgflilﬁlf,fl — F) =0, inQy,

1<i<n

(95 5 = (95) 50 on ¥y,

and

max (o 0%, — F1) =0, inQ,

1<i<n
()5 = (951) 5 on Y.

By comparing the boundary conditions of these two problems and adapting the
results of [38] to the HJB setting, one obtains the existence of a contraction factor
wi € (0,1) such that:

wy =sup{v(z) : z € 31 }.

This leads to the conclusion that:
1055 — Opll ooy < will9s, — 05, | e ()-

o Step 2: Analysis in the second subdomain

We now turn to the second part of the coupled system, where the scheme reads:

max {— 5+ A0~ Fi) =0,

1<i<n
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2.3. NUMERICAL STUDY OF THE COERCIVE HJB PROBLEM

and _ ' .
max { —o 0%, + o0, — Fi} =0,

1<i<n

This is equivalent to solving:
i 9k+1l _ gri) ;
{1121?2% (g 05— F3) =0, in Qs
(Won ) = (W) o on X,

and
i 9k i) — :
{lrga;; (%72192,1 F3) =0, inQy,

(19’2“h)a = (ﬁ’fh)a, on Xs.

Adapting again the methodology of [38], we deduce the existence of another con-
traction factor wy € (0, 1) such that:

wy = supf{v(z) : z € 3y}
This implies the following relationship:

|95 — 9%, [l noe(sa) < woll 957 — 9%, || poo )

o Step 3: Global contraction and convergence By combining the two inequali-
ties derived in the previous steps and applying the discrete maximum principle, we

obtain:
[03H — 95| ooy < wiwal[Py — I3 oo (e

Letting p = wiwe € (0, 1), induction yields:

O — 95 | o) < PM195 — Op o), k€N

which proves the geometric convergence of the sequence (%) to the unique solution
of system (2.8).

——w Remark 2.2.1 &

The factor p represents the global contraction coefficient of the Schwarz iteration. Since
0 < p < 1, the associated iteration mapping satisfies the assumptions of the Banach
fixed-point theorem. Consequently, the existence and uniqueness of the fixed point, and
hence of the discrete solution of (2.8), follow immediately. Moreover, the geometric decay
induced by p provides a powerful tool for the quantitative analysis of the method. In
particular, it will be used in the sequel to derive L*°(£2)-error estimates and to establish
rigorous convergence bounds for the numerical approximation.

2.3 Numerical study of the coercive HJB problem

In this section, we perform a numerical investigation to validate the theoretical results and
examine the performance of the proposed method. The problem is discretized using two-
dimensional finite elements on a uniform mesh and solved using a domain decomposition ap-
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Example setup and problem formulation

proach with overlapping subdomains. The overlap is incorporated to improve convergence of
the iterative scheme.

2.3.1 Example setup and problem formulation

We consider the domain
Q=10,1] x [0,1],

discretized with uniform finite elements of size h. The stopping criterion of the iterative pro-
cedure is set as € = 1075, The continuous problem is defined by [40]:

1<i<2

max {Azﬁ [FZ} =0, in €,
¥ =0, on 0f2.

The operators A® are:

Al—_ 82+82 _|_1 82 AQ—_ 18_2+a_2+i 82
N ox?  Oy?  20yox )’ B 2022 Oy?  100ydx )

The exact solution is :

U (z,y) = zy(1 — z)(1 — y),
and the source terms F* are :
' = % = max(A'0*, A%9*).

The variational form is obtained by multiplying each equation with a test function u € H}(Q)
and integrating over €:

9?9 0% 1 0%
A = - 5
// Jude dy // 0x? y2 283/8%)“(13: dy’

10?9 0% 1 029
2 f— _—_—_—_—,— e —,—
//Q/A Yudr dy //Q< —— > 105y )udxdy-

After integration by parts, the corresponding bilinear forms are:

8193u 090u 109 0u
1 _ ~dvod
o {0 u) = //Q O 8x Ay dy * 2 Oy 8x>dwdy’

o= [ [ (000 0000 Lovony,
w) 20rdr  Oydy 100y ox v

The linear functionals corresponding to the source terms are:

://Q[Fl(x,y)u(x,y)dxdy, ([F2,u>://Q[FQ(x,y)u(x,y)dxdy.

These bilinear and linear forms are used in the finite element method to compute the discrete
approximation 9, of the solution to problem (2.8).
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Finite element discretization of the HJB problem

2.3.2 Finite element discretization of the HJB problem

Finite element space

We consider the finite element space P; consisting of linear polynomials:

Py = {p;p(z,y) = a+ bz + cy}.

Let 7" be a regular quasi-uniform triangulation of €2

0= J K.

Kerh

The associated finite element space is defined by:
Vi={ueCQNH)Q)|u, €P, VK eT"}.
Each function u is continuous over {2 and linear on each triangle K.

Vertices and basis functions

Let A, for s =1,..., N, denote the interior vertices of 7. The standard nodal basis functions
@, are defined by:

1, ifz=s
J(z,y) € PI(K) VK, ¢.(A)=14" ’
@.(r,y) € Pi(K) 0. (As) {07 s

Discrete variational formulation

The variational problem in V}, leads to the linear system:
ﬂiﬁh:yi, izl,...,n,
where 27* is the stiffness matrix and .7 is the load vector:

A =a ., 0s), Fl=(F' ), 1<zs<N, 1<i<n.

z

Explicit form of the matrices

For the example problem, the entries are:

/ / O0p: 0ps | O0p:0ps | 109:00s
Ox 6x oy oy 2 0y Ox Y

/ / 10p:0ps | 0p:0ps | 1 0p:00s)
2 Ox 83: oy Oy 10 0y Ox v
The right-hand side is:

Fio (o) = [ [ Fodedy. 72— () = [ | Fodeay
Q Q

z,s=1,N, i=1n
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Finite element discretization of the HJB problem

Triangular mesh and node coordinates

To simplify the problem, let us assume that  =|0, 1[x]0, 1[ and consider the triangulation of
Q illustrated in Fig (2.2) , which is divided using a uniform triangular mesh.

Triangulation of Q = [0, 1] x [0, 1]

0.9 K3z
0.8 K
31
AG A7 AB
0.7 |
0.6
> 0.5 | A3 A4 A5
0.4 |
0.3}
A A A
o 1 2
0.2 K,
K1
0.1 K,
o : :
0 0.2 0.4 0.6 0.8 1

Figure 2.2: Uniform triangular mesh of a square domain.

The step size between adjacent points is denoted by h, with the basis function ¢, associated
with the interior node. The grid steps in the  and y directions are equal, given by:

O:x1<x2<~-<xz<xz+1<---<xN:1.
O=y1 <y < - <Ys <Ysp1 < <yny=1
Ty = 2Ny, Ys=8hy, hy="hy="nh

where x, and y, represent the coordinates of each node in the mesh, and z and s are the indices
of the nodes in the x and y directions, respectively.

Support of basis functions

Consider node Ay with coordinates (xg, yo). The neighboring nodes Ay, Ay, Ay, A5 are positioned
in cardinal directions around Ay where K1, K>, ..., K4 represent the triangles surrounding the
node (zg,y) (see Fig (2.3)). These nodes are interconnected to form the grid structure. The
basis function pg(z,y) is associated with node Ay.

Ag As

Kg
Kq

Ke

Ay Aq

Ky

Kz

A3 Ay

Figure 2.3: Triangles surrounding node (%o, yo).
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Finite element discretization of the HJB problem

The piecewise linear basis function ¢y associated with Ay has support :

Figure 2.4: Support of a basis function P;.

The intersection of the supports of ¢, and ¢, (see Fig.(2.4)) is often empty, making &/* a
sparse matrix (most of its coefficients are zero), such that:

o = {“i@z’@ if supp(y-) N supp(ps) # 0,

0, otherwise.

Piecewise definition and gradients

For each triangle K,
QOZ(AS) - 52,3‘

The basis function ¢g(x,y) is defined piecewise over the triangular elements surrounding the
node (xg,yo) as follows:

wolk. = a,x + by + ¢,

(1‘|‘$Oh_x+y_hy0’ if(Ly)EKl,
y—yo’ if (z,y) € Ky,
ﬂ, if (z,y) € K,

polr,y) =142 _hx” + yo; Y, it (2.y) € Ka,
yo_y_f_z7 if (z,y) € K,
mo}: Lo if (x,y) € K,
0, otherwise.
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Computation of the stiffness matrix using the finite element method

The partial derivatives of ¢, are:
¢ 1 (1

_E> (x,y) S Kla Ea (x,y) € Kla
0 (o) € Ka L ek,
7 (z,y) € K3, 0, (2,y) € Ky,
Op0 _ ) 1 990 _ ) 1
or o Ea (il'),y) € K47 ay o _E7 (I’,y) € K47
0, 1 (:L“,y) € K, —%’ (gj’y) c K57
s (z,y) € K, , (z,y) € K,
L0, otherwise, L0, otherwise.

Similarly, the gradients of other basis functions are:

1 1 1
V<,01|K1 = (E’O) ) V<P1|K6 = <_’_E) ,

>

2.3.3 Computation of the stiffness matrix using the finite element
method

In this section, we present the step-by-step computation of the stiffness matrix coefficients .27
using the finite element method. Each entry is computed by evaluating the relevant double
integrals over the domain, taking into account the support of each basis function.

Computation of the stiffness matrix .«/!:

We denote by a'(p., ) the (z, s)-th entry of the stiffness matrix «7!. The computation involves
checking the intersection of supports:

supp(g.) Nsupp(ps) # 0

and evaluating the integrals over the triangles where this intersection is non-empty.

1. Diagonal term: The diagonal entry a'{pg, o), corresponding to the basis function ¢y,
is given by:

onnh = [[ <|v of + 18%8%)61 dy —Z// <|v of? + 1a@°8¢°)d dy.
.',U SU

Each triangle contributes because ¢ is supported over all six triangles. Since the gradient of

©p is constant on each triangle and the area of each triangle is area(K,) = %2, we obtain:
6
1 Oy Opo
a' (o, o) = ; (!V%!K area(K’ // 53—3—d z dy
Substituting the corresponding gradient values on each triangle yields:
2 2 1 1 1 17 h? 1
1 _ 2 2
a (o, po) = [h2+ﬁ+ﬁ+ﬁ+ﬁ+h2] 5~ gEh* R =3
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Computation of the stiffness matrix using the finite element method

2. Off-diagonal terms:

o a'{po, p1): Since supp(po) Nsupp(p1) # O only on triangles K; and K, we have:

! _ . 190 001 // . 190 01
a (o, p1) _//I<1 (Vgoo Vg01—|—2 9y 0z dx dy+ .. Vo -V + 2 0y O dz dy.

1 17 h? 1 1
[ al e

2 J—
e gt =3

o a'{po, p3): Since supp(po) Nsupp(ps) # (@ only on triangles K, and Kj5, we compute:

10y 0 10¢y 0
Yo, ¢3) // Vo Vs + - ST drd +// Vo Vs + - CACE ) dy.
Ky 2 8 .T Ks 2 8 al'
Therefore,
LR 1, 1
= [—ﬁ—ﬂ 7 T =5

o a'{po, p4): Since supp(po) Nsupp(py) # @ only on triangles K5 and K, we obtain:

10y 0 1 9po O
Yo, ¢4) // Vo Vs + - CRTA) dad +// Vo - Vs + SGATPN gy dy.
Ks 2 0y Ox Ke 2 0y Ox

Thus,
1 1

=0— —(hn’
Sz (h) =

e Remaining off-diagonal terms:
a1<€007%02> =0, a1<§007905> =0, a1<<P07906> = 0.

Finally, the coefficients associated with ¢y are summarized as follows:
1 1 1 1
a (o, 1) = a (o, p3) = a (Yo, pa) = Dk

a1<<P07 902> = a1<<P07 905> = a1<900, 806> =0.

Computation of the stiffness matrix .«7*:

We denote by a?(ip., ¢s) the (2,s)-th entry of the stiffness matrix /2. The computation relies
on the intersection of supports:

supp(g.) Nsupp(ps) # 0

and evaluating the integrals only over the triangles where this intersection is non-empty.

1. Diagonal term. The diagonal entry corresponding to (g is given by:

6
2 _ 1009 gy | Opo Opy | 1 o O
@ {0, eo) _;//Kz <2 Oxr Ox * dy Oy + 10 0y Ox dz dy.

_{2 4]h_2 2 , 14

R R _ %9
etz Tomt T T2
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Computation of the stiffness matrix using the finite element method

2. Off-diagonal terms.

® a2<9007S01>‘
Since
supp(po) Nsupp(p1) # 0

only on triangles K; and Kj, we compute:

10¢q 0 0pg 0 1 Opg 0
(00, 1) // ( o 01, Do ¢1+—ﬂﬁ>d:cdy

2 Ox 81: Oy Oy 10 Oy Ox
1 8@0 8@1 8900 84,01 1 84,00 84,01
//Ke< 2 Ox 8x dy 0Oy +10 dy Ox dz dy
2

_ 1 2
- ( 02 ?) T Tom2"

= —0.4.

* a2<8007 S03>-
Since
supp (o) Nsupp(ps) # 0

only on triangles K4 and K5, we compute:

18(,00 8@3 8@0 8Q03 1 8@0 8Q03
o a) //K< 20z 0z "0y oy 100y oz )W

// 10y O3 3900 D3 i 1 9o D3 de d
ks \ 2 Ox 8x Jdy dy 10 0y Ox J

2 B\ 1
= (-=.= h?
( 72 2)+10h2

=—0.9.

° CL2 <9007 904> .
Since

supp(o) Nsupp(pa) # 0

only on triangles K5 and K, we obtain:

// 1 0po Oy 5@05¢4+i%% dx d
*( 0, a) 2 Or Ox Oy 0y 10 dy Ox !

// 1 8@0 64,04 64,00 8@4 X i 64,00 8@4 d]? d
Ko \ 2 Ox 8x Jdy dy 10 Oy Ox J

= = —0.1.
10

o Remaining off-diagonal terms.

a2<()007 902> = a2<<P0, 905> = CL2<<P07906> = 0.
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Computation of the stiffness matrix using the finite element method

Finally, the coefficients associated with ¢y are summarized as follows:

a a2<<p0, 1) = —0.4,
ag(gpo, p3) = —0.9, ag(gpo, w4) = —0.1,
a a2<§00; @s) =0, a2<900; we) = 0.

Right-hand side.
Using the trapezoidal rule,

//Q F(x,y)po(z,y)dedy = 26;// T (x,y)po(x,y) dr dy

h? .
Y T (Ag) = WEF(Ay).

z=1
Block tridiagonal structure of the stiffness matrix 7.
As a result, the stiffness matrix 7% exhibits a block tridiagonal structure:
& ¢
‘ cgiT &
o = 1, i=12.
gl gi

where & and € are defined for i = 1,2 as follows.

Diagonal bloc Sub co-diagonal bloc
a b b b
PO L o=| °
o/t P S
b a b
a v c d
o yoe. . %2: c )
o2 oy S
vood c

Table 2.1: Elements of matrix.

Such that :
a =3, b= —0.5,

d =28 —=—04
c=—0.9, d=-0.1.
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Numerical results and graphical interpretation

2.3.4 Numerical results and graphical interpretation

This section presents the numerical performance of the proposed overlapping domain decom-
position method in comparison with the non-overlapping variant. The objective is to assess
the quality of the approximation, the convergence behavior, and the computational efficiency
through representative indicators such as residual norms, iteration counts, CPU time, and error
evolution in the L*°-norm. The discussion is complemented by graphical results illustrating the
behavior of the iterative sequences and the accuracy of the numerical solution with respect to
the exact one.

Residual and convergence indicators

The convergence of the iterative process is first evaluated through the residual quantity:

= max {0 — &
R 1n§11a§X2 { by — F } ,
which measures the imbalance of the discrete system at each iteration. The results reported in
Table (2.2) show that both approaches rapidly drive the residual to very small values, confirming
the consistency of the discretization. However, the overlapping strategy systematically attains
smaller residuals at earlier iterations, indicating a more effective stabilization of the iterative
process.

Table 2.2: Maximum norm of the residual R for h = 1/20.

Iteration DDM (d > 1) DDM (d = 1)
1 7.25 x 10710 1.10 x 107°
4 4.92 x 10710 8.97 x 10710
8 3.01 x 10710 6.13 x 10710
Last 1.47 x 10710 3.76 x 1071

A complementary measure of performance is given by the number of iterations required to
reach convergence. As shown in Table (2.3), the refinement of the mesh naturally increases
the computational effort. Nevertheless, the overlapping decomposition consistently reduces the
iteration count, confirming its role in accelerating convergence.

Table 2.3: Number of iterations required for convergence.

h DDM (d > 1) DDM (d = 1)
1/20 10 22
1/30 18 28
1/40 23 35
1/50 27 38

The computational cost follows the same tendency, as illustrated in Table (2.4). Although
refinement increases the CPU time in both cases, the overlapping strategy remains consistently
more efficient due to its faster convergence.
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Numerical results and graphical interpretation

Table 2.4: Computation time for different h.

h DDM (d > 1) DDM (d = 1)
1/20 0.364 0.553
1/30 0.593 0.836
1/40 0.976 1.408
1/50 1.478 1.879

Behavior of solution sequences

To better illustrate the convergence mechanism of the iterative process, we analyze the evolution

of both lower and upper solution sequences at a representative point.

Table 2.5: Values of the lower solution 9% at (0.5,0.5) for h = 1/20.

Iteration DDM:d>1 DDM:d=1

1 0.054302234247351 0.052610948825456
4 0.062313579024814 0.060034282247694
8 0.062498815627914 0.062117196798672

Last iteration

0.062499960405392

0.062499948402463

Table 2.6: Values of the upper solution 9% at (0.5,0.5) for h = 1/20.

Iteration DDM:d>1 DDM:d=1

1 0.065103443280430 0.065410001781282
4 0.062560430873437 0.063243722960188
8 0.062500382778641 0.062617429458465

Last iteration

0.062500006101231

0.062500066203848

« The lower sequence (¥%) is monotone increasing and converges from below to the exact

value ¥* = 0.0625.

~

The upper sequence (J5) is monotone decreasing and converges from above to the same

limit.
The overlapping strategy (d > 1) accelerates the contraction of both sequences and

reduces the gap between them.

The combination of both sequences provides a natural and reliable enclosure of the exact
solution.
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Numerical results and graphical interpretation

Iteration 1 Iteration 2

DDM ford > 1

DDM ford > 1

Iteration 8 Final iteration

_ 006+ _oos‘
10041‘ ~ 0.04 ‘
= 002 guoz‘
a / a
0 A AL 75O L SR 0.l
1 LTS Y LA o ¢
0.5 SO , 04 08 08
02
0
’ 0 ¢ s B >
&y T

Figure 2.5: Iteration evolution with overlap (d > 1).

Iteration 1 Iteration 2

e e
S o
& R

DDM for d
1= o
o 9
=4 N}
DDM for d = 1

Iteration 8

1
1

DDM for d
DDM for d

Figure 2.6: Convergence with minimal overlap (d = 1).

Figures (2.5) and (2.6) show that increasing the overlap significantly improves convergence
speed by reducing the number of required iterations. In contrast, the minimal overlap case
exhibits slower stabilization, which is consistent with the theoretical analysis of domain decom-
position methods.

Error analysis and convergence verification

To assess the accuracy of the proposed numerical scheme and confirm its convergence behavior,
we present a detailed error analysis in both the discrete and continuous settings.
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Numerical results and graphical interpretation

x107

Erreur : |0 — ¥,

Figure 2.7: Infinity norm error: exact vs. approximate solutions.
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Figure 2.8: Error estimate in the L*°-norm.

The numerical results confirm that:
e The error remains extremely small, indicating high accuracy of the approximation.

o The observed convergence rate is consistent with the theoretical estimate

|9 — U Lo (@) < Ch?|logh|?,

e The overlapping domain decomposition method preserves stability and accuracy even in
two-dimensional settings.

e The numerical solution is practically indistinguishable from the exact solution.
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Chapter three :

Overlapping domain de-
composition methods for
non-coercive HJB equations

In this chapter, we establish the monotone and geometric convergence of the discrete
non-coercive HJB equation within a finite difference framework. The analysis relies on an
overlapping domain decomposition method together with iterative sous-solution and
sur-solution sequences, which play a central role in the convergence proof. Numerical
experiments are also presented to confirm the theoretical results and illustrate the efficiency
of the proposed approach.
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3.1. THE NONCOERCIVE HJB PROBLEM

3.1 The noncoercive HJB problem

In this section, we address HJB equations in the noncoercive framework, and construct numer-
ical techniques adapted to this setting. The main elements are organized as follows:

3.1.1 The continuous noncoercive HJB equation

We consider the noncoercive HJB problem with homogeneous Dirichlet boundary condi-
tion:

1<i<n (3.1)
¥ =0, on 0f).

{max (A9 —F") =0, in Q,
The operators A" are assumed to be uniformly elliptic but not coercive (2.2).
The coefficients satisfy the structural hypotheses (2.6), (2.4), and (2.5).
The forcing terms [ are smooth, with F? € C?(Q).

Following the approach of the coercive case, the problem (3.1) can be reformulated as a
system of noncoercive variational inequalities of quasi-type (IQV) given in (1.24).

Under these assumptions, well-posedness is preserved and the system admits a unique
solution (see [35,42]).

3.1.2 Reformulation into a coercive HJB

For non-coercive Hamilton-Jacobi-Bellman (HJB) systems, the bilinear forms a'(u,v) do not
satisfy the coercivity property. To overcome this limitation, we introduce a modified formulation
based on the following steps:

The original quasi-variational inequality system (1.24) is replaced by a coercive counter-
part obtained by adding a stabilization term.

The new problem consists in finding ¥ = (J*,...,9") € (H}(2))" such that:

B9 u— 0 > (F 4 pdyu— 07), Yu e HY(Q),
V< K+ I < k49 (3.2)

It =9t i=1,n, k>0.

In the modeling of control problems, the dynamics may be dominated by deterministic
terms associated with the coefficients aj, and the strong coercivity assumption is not
always satisfied, which complicates the analysis. To ensure the stability of the problem,
a regularization is introduced through a sufficiently large parameter u > 0 satisfying [32]:

b {u,v) = @' (u,0) + au, ), (3.3)
where p > 0 is a parameter that enforces strong coercivity.
The coercivity condition takes the form:

b (u, u) > )\||u||%{1(9), Yu e Hy(Q), A>0. (3.4)
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Reformulation into a coercive HJB

o To guarantee (3.4), one determines a suitable parameter p according to the construction
given in [32]. Specifically, the bound

a = sup |as(z)]. (3.5)

S
e
is introduced to control the contribution of the non-coercive part.

Then, the coercive bilinear form b*(.,.) takes the following explicit representation:

N ou Ou N ou
b (u, u) = /Q (Z e g+ D s ol + uu2) dz.

Using the ellipticity condition (2.6), assumption (2.4), Hélder’s inequality in theorem 1.1.1,
together with the bound (3.5), one derives the estimate:

(u,u >5/Z<8%) x——/z(axz)de—%/Qifdx—i—(v—i—,u)/ﬂifdx.

By reorganizing the terms, we obtain:

(u, u >6/Z(8xz> dx—a\/</ﬂi<axz)2 )éiﬁ(/gﬁdx>%+(,u+7)/gu2dx.

z=1

This leads to the inequality:

2
b {u, u) > —e /Z(ﬁx) da:—i—(u—i—’y—%)/gﬁdx.

e The coercivity condition is guaranteed if:

20 a
€E< —, W>5—7
a 2¢

o Provided that b # 0, the bilinear form b°(-, -) becomes coercive.

Following this procedure, which goes back to [32], the non-coercive HJB problem (3.1) is trans-
formed into an equivalent coercive problem. The resulting formulation is:

max (B — G'(9)) =0, in ,
1<i<n (3.6)
¥ =0, on 0f2.
The new operators are defined as:
X & Yoo .
B' = Zgl aiS(m)amzaxs + Zl aé(ﬂf)axs + (ap () + p), (3.7)
with the relations: ' . . .
B =A+pul, G0 =F+ud, i=1n. (3.8)
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The discrete coercive HJB equations

3.1.3 The discrete coercive HJB equations

In order to obtain a computable approximation of the coercive Hamilton—-Jacobi-Bellman prob-
lem (3.6), we discretize the domain §2 using a finite difference mesh of size h, and denote by 9},
the discrete approximation of the continuous solution 9. The discrete counterpart of problem
(3.6) is then formulated as:

max (B0, — 4 (9))) = 0. (3.9)

1<i<n

{Find ¥, € V3, solution to :

The discrete operators #° are defined by:
B ="+ pl,

where @/ denotes the finite difference approximation of the continuous operator A‘, and the
additional term p/ guarantees the coercivity at the discrete level.

In parallel, the nonlinear functions ¢*(9,) are given by
G (V) = .F' + udy, i1=1,...,n,

where .7 ¢ represents the discretization of the source terms [* arising in the continuous formu-
lation.

The discrete matrices %° are constructed so as to satisfy the discrete maximum principle
and to belong to the class of M-matrices.This structural property plays a central role in ensuring
the stability of the approximation and the monotone convergence of the numerical scheme, as
established in [35,42].

3.2 Overlapping domain decomposition method

In this part, the overlapping domain decomposition strategy developed earlier is adapted to the
coercive discrete Hamilton-Jacobi-Bellman (HJB) setting. The transition from the non-coercive
to the coercive formulation induces a change of notation: the matrices previously written as
o/ are now denoted Z‘, and the source terms .#* are replaced by the nonlinear expressions
4'(9y,). Apart from this modification, the iterative algorithm retains the same structure as in
the non-coercive case, ensuring the consistency of the overall numerical procedure [27].

3.2.1 Discrete block domain decomposition method

Let 2 C R? be a bounded and regular computational domain. For the discrete HJB equations,
the domain is partitioned into two overlapping regions €2y and {25, each subject to the same type
of boundary conditions as in the continuous setting. The essential modifications with respect
to the previous chapter lie in the operators involved, while the decomposition principle itself
remains unchanged.

The bilinear form associated with the discretized system, denoted by b*(u,v), now relies on
the matrices %' and their nonlinear counterparts. The unknowns are split according to the

subdomain structure: p @i (910)
O = " G (0n) = | oy 1h)
h (?92h>’ (Vn) (gl(ﬂ%) ’
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Iterative solution strategy on subdomains

with a block decomposition of the discrete operator given by:

) 74 _ R
po (% )
REZREELY

Here, ¥4, and}(}gh correspond to the discrete solutions restricted to each subdomain. The block
structure of %' preserves the coupling across interfaces, which is essential for the convergence
of the Schwarz iterations.

The discrete HJB problem introduced in (3.9) can thus be rewritten in this partitioned form
as:

max (z?iﬁh _ gi(ﬁh)) —0, inQ

9, =0, on Of).

This formulation will serve as the basis for the overlapping Schwarz algorithm in the discrete
coercive case.

3.2.2 TIterative solution strategy on subdomains

To facilitate the solution process, the discrete system is reformulated within each subdomain
independently, following an overlapping domain decomposition strategy.

o Update in Subdomain €2;: The unknown 19’1“;1 is computed by solving:

max ( i,lﬁlf;,,rl - gz(ﬁlfh)) =0, in Q,

1<i<n
(ﬁllc;zrl)lg = (ﬁéh)bw on 21 :891 DQQ
« Update in Subdomain (2,: Similarly, the updated solution 19’5;[1 is obtained by solving:

1123“2( (%);,279]26;1 - gz(ﬁlgh)) =0, in
(;95_:1)& = (95, on Xy = 90 N Q.

Bringing together the discrete systems of both subdomains, we arrive at the following block-
structured iteration:

max { i,l’l(}llci_l_l - ~i,219’2€h - gl(ﬁlfh)} =0, Infy,

1<i<n
max {@5,2195:1 - @3,179’16751 - 541(19’5;1)} =0, in Q.
We begin by stating the definitions, followed by the presentation of the algorithm.

J5, € RY is called a subsolution if it satisfies:

max (B0, — 9" (V) <0,

1<i<n

while 9, € RY is called a supersolution if:

max (%Zﬁh - g%i%)) > 0.

1<i<n
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Monotone and geometric convergence

For the initialization, following the convention of [22], if all components of 4 are nonnegative,
then the zero vector provides an admissible starting subsolution:

99 = (0,0,...,0).
The initial supersolution 192 is obtained by solving the system:
B =9'(0), i=1,....n

Based on these initial bounds, the overlapping iterative procedure can be formulated as follows.

Initialization: Set the initial subsolution 99 = (0,0, ...,0), and let k = 0.
Step 1: Update on domain €2;:

max {‘@i,lﬁlfi—l_l - @§,25§h - gz(@fh)} = 0.

1<i<n
Step 2: Update on domain €25:

max { — 25, U5 + 2,05 - 905 } =0,

1<i<n

Step 3: Convergence test: If the criterion is not satisfied, set k < k 4+ 1 and return to
Step 1.

3.2.3 Monotone and geometric convergence

In this subsection, we study the convergence properties of the overlapping domain decomposi-
tion method introduced in Algorithm 2.

—§ Theorem 3.2.1: [27] &

The iteration defined by Algorithm 2 generates two sequences (9%) and (%) which evolve
monotonically. More precisely, (9%) is non-decreasing and (1%) is non-increasing. More-
over, both sequences converge to the same limit, which coincides with the unique discrete
solution 9, of system (3.9).

—@ Theorem 3.2.2: [27] §

Let 99 be an arbitrary initial guess. Then the sequence (%) generated by Algorithm 2
converges to the unique solution of system (3.9) at a geometric rate. More precisely, there
exists a constant 0 < p < 1 such that:

[+ — Il < A° 195 — Fhllpe@), Vk €N

3.3 Computational study and numerical implementation

This section presents the numerical investigation of a Hamilton-Jacobi-Bellman (HJB) type
problem derived from an obstacle formulation. The focus is on evaluating the efficiency of
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Problem setup and transformation

numerical schemes based on overlapping domain decomposition.

3.3.1 Problem setup and transformation

The obstacle problem is reformulated in a Hamilton—Jacobi-Bellman framework in order to
enable the use of efficient numerical schemes [1]. The computational domain is defined by:

Q=0,1] x [0,1],

with homogeneous boundary conditions imposed on 0f2.
The continuous obstacle formulation is written in variational inequality form as:

By, > 9, in €,
(B, — 4,9, — V) =0, inQQ,
I, < VU, in €,
I =0, on 0f).

The differential operator is defined by:

0? 0? 9, 9,
——— — — + 0.52— + 0.5y— + 0.045
922 8y2 -+ :Cax + yay + ’

while the source term and obstacle function are given by:
¢ =sin(27x)sin(2ry), W =0.

For the purpose of applying iterative solvers, the problem is equivalently reformulated as a
nonlinear system of Hamilton—-Jacobi-Bellman type:

max{%#'0, — 9!, B*9;, —94*} =0, in Q,
I, =0, on 0f).

The operators are defined as follows:

@ B =Bl G =G + 1y, with = 1,
o B=19"=1.

3.3.2 Discretization via finite differences

The numerical approximation is constructed using the finite difference method, where the con-
tinuous derivatives are replaced by discrete operators on a uniform grid with mesh size h. This
approach leads to an algebraic system that approximates the original differential problem at
the grid level.

The computational procedure can be summarized as follows:

e The domain €2 is discretized into a regular mesh, and the unknown solution is represented
at the grid nodes.

e The second-order derivatives and first-order terms in the operator 4% are approximated
using standard finite difference formulas.

o An iterative scheme based on overlapping subdomains is applied to solve the resulting
nonlinear discrete system, improving convergence efficiency.
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Discretization via finite differences

o The iteration is stopped when the stopping criterion
|95 — 9o <&, €=1075,
is satisfied.

o The implementation is carried out using MATLAB R20218a, ensuring efficient handling
of matrix assembly and iterative computations.

This discretization framework provides the basis for the numerical experiments and conver-
gence analysis presented in the next sections.

MATLAB implementation

This subsection details the matlab implementation of the finite difference (FD) scheme for solv-
ing the discretized Hamilton-Jacobi-Bellman (HJB) equation. The emphasis is on structuring
the computational algorithm efficiently while preserving the mathematical operations.

The procedure is organized as follows:

e Grid and step sizes: define a uniform grid over the spatial domain with step sizes h,
and h, for the x and y directions, respectively. The solution values at grid points are
denoted by 9, ;.

o Finite difference approximations: Derivatives are approximated using standard FD
formulas:

— Central difference (first-order):

@(I ) ~ 79z+1,s - ﬁz—l,s 8—19<l’ ) ~ 192,3—&-1 - 792,3—1
8x zZ) ys th ) ay z ys 2hy

— Central difference (second-order):

8219 ~ ﬂz—i—l,s - 279z,s + '&z—l,s 8279 ~ ﬁz,s—i-l - 2192,5 + 792,5—1
ox? h2 Cooy? h2

— Finite difference operators: Let D¥ and foy denote the forward/backward
difference operators in x and y, respectively. The corresponding matrix forms for
the second-order derivatives are:

2 1 0 0] 2 1 0 0
1 -2 1 - 0 1 -2 1 0
1 , 1
Dip=75 0 1 -2 " . D=5 0 1 -2
1 S 1
|0 0 1 -2 0 0 1 -2

— First-order terms: The first-order derivatives weighted by coordinates are dis-
cretized as:
619 ﬁz—f—l,s - 192—1,5 819 Q9Z,8+1 - 192 s—1

0.5 xz% ~05z, . , 0.5 ysa—y ~ 0.5y o

Y
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Discretization via finite differences

We obtain:
[ 0 0.5z 0 0
—0.524 0 0.524 0
1
D, = o 0 —0.5z3 0 )
. . . 0.55(7]\[_1
. 0 e 0 —0.5zy 0 |
[0 0.5y1 0 e 0 ]
—0.5y9 0 0.5y2 e 0
1 )
D,=— 0 —0.5y5 0
2h, _ . '
. . . 0.5yN_1
| 0 e 0 —0.5yn 0 |
— Constant term: The additive constant 0.0457, , is represented as a scaled identity
matrix:
10 --- 0
01 0
0.0451 = 0.045 .
00 --- 1

This formulation provides a clear and structured translation of the continuous derivatives into
matlab compatible matrix operations while preserving the full generality of the discretized HJB
problem.

« Computational domain and grid definition: Consider the domain = [0, 1] x [0, 1]
with homogeneous Dirichlet boundary conditions. We introduce a uniform grid with N
interior points in both the x and y directions. The grid points are defined as:

. = zh, s=sh, 0<z,s<N+1, h,=hy=h=——, Nel
T z Y S Z,8 + Y N1 S

« Example: 3 x 3 grid For illustration, let N = 3 with z,s = 1,2,3. The uniform mesh

spacing is:
1
hy=h,=h=-.
Y 4
e« Second-order derivative matrices:
— In the z-direction:
1 -2 1 0 -32 16 0
Dm:ﬁ 1 -2 1|=1]16 -32 16
1 =2 0 16 —32
— In the y-direction:
Dyy = Dy,

¢ First-order derivative matrices:

— In the z-direction, substituting xy = h, xy = 2h, x5 = 3h:

1 0 0.5z, 0 0 025 O
D, = o —0.522 0 0.5z2| = | —0.5 0 0.5
0 —0.5z3 0 0 =07 0
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Discretization via finite differences

— In the y-direction:
D, = D,.

» Discrete system matrix assembly: The final system matrix for the 2D HJB problem
can be constructed efficiently in MATLAB using the Kronecker product:

B'= —IN®@ Dyy — Dy @ Iy + (In ® Dy) + (D, ® Iy) + 0.0451.

This assembly guarantees that each directional derivative is accurately incorporated, pre-
serving sparsity and compatibility with vectorized matlab operations.

Manual computations

In this subsection, we present the manual derivation of the finite difference scheme. Our aim
is to provide a detailed understanding of the discretization process by approximating the first-
and second-order derivatives using standard finite difference formulas.

« Finite difference approximation of the operator %': For z,s = 1, N, the discrete
approximation reads:

ﬁz s 2792 s ﬂzf s ﬁz s - 2192 s ﬁz s— 792 s 7927 s

B (z,,y,) = — +1, h2, + Ls  Vzstl h2, T Vzs-1 + 0.5z, L2t o 1,

792,3+1 - ﬁz,s—l
2h

o Matrix representation of the discrete system:

4 1 0.5z, 1 0.5z,
{ﬁ + (0.045 + ,u)} V.5 + {_ﬁ + 7} Voy1s + {_ﬁ - 7} Vets

1 0.5y, 1 0.5y,
* [_ﬁ " W} Vrer1 + [_ﬁ - 7} Vae-t

+0.5y, + (0.045 + p)0. .

« Vectorization for matrix form: To express the system in matrix form %', the grid
matrix (), ;) is reshaped into a vector ¥, of size N x N. Numbering the points (z,, ys)
row-wise (or column-wise) results in a sparse matrix structure. Each point is indexed as:

L=z+(s—1)N.
e Grid organization and boundary conditions: The vector is organized in blocks:
U=1[(011,...,9n81), D12, -, In2)s s (D1n, -, UNN)]-
Boundary conditions:
Yos =Unt1s =0, V.0=10.n41 =0.

o« Example: 5 x 5 grid Here, N = 3, z,s = 1,2, 3, and mesh size:

1
ho=hy=h=7.

Discretization points:

Structured grid:




Final matrix representation

Coefficients for N =3 and p = 1:

4
0= 5+ 0045+ =65.045, b=-16+0252 c=—16-025z

d=—-1640.255, e= —16—0.25s.

Vectorized grid mapping:
(z,8) > L=2z2+(s—1)N.
The general finite difference equation at each grid point:

aﬁL‘{’bﬁL—H+CﬁL—l+d79L+N+€79L—N, L:L_Q.

Index mapping for 3 x 3 grid:

L=1—(1,1), L=2—(2,1), L=3—(3,1),
L=4—-(1,2), L=5—(2,2), L=6—(3,2),
L=7—(1,3), L=8—(2,3), L=9—(3,3).
e Structured unknowns vector:

9]

U2

U3

U U2 U3 U4

794 ’195 ’196 — 195

U7 s Uy Us

U7

Us

_7‘99_

o Correspondence of vector components:

191 :19<.T1,y1>, 192 :79(1527?/1); 193 :19(1:37y1)7
194 - 19('1717 y2)7 795 = 19(552792), 196 = 19(1’3, y2)7
VU7 = V(21,y3), Vs =10(v2,93), Vo =1 (x3,¥3).

3.3.3 Final matrix representation

Following the manual derivation of the finite difference discretization, we proceed to assemble
the corresponding matrix system for the 2D HJB problem. This system is formulated as a
sparse matrix, where each entry directly corresponds to the coefficients obtained from the dis-
crete approximation of the differential operator. The explicit construction of this matrix allows
for an efficient and structured numerical solution of the problem.

To illustrate this construction, we enumerate the individual grid points and their corresponding
contributions to the system.

1. Point (z1,y1), with L =1
ry=1-h, yy=1-h.
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Final matrix representation

Neighbors: Right (L =2), Up (L = 4):
65.045v, — 15.759, — 15.759,.
2. Point (x9,y1), with L = 2:
1ro=2-h, yy=1-h.
Neighbors: Left (L = 1), Right (L = 3), Up (L = 5):
65.0459; — 16.59, — 15.593 — 15.750;.
3. Point (z3,y;), with L =3 :
x3=3-h, y;=1-h.
Neighbors: Left (L =2), Up (L = 6):
65.045v; — 15.7595; — 15.750.
4. Point (x1,y9), with L =4 :
ryr=1-h, ys=2-h.
Neighbors: Down (L = 1), Right (L =5), Up (L =7):
65.0459, — 16.59, — 15.75v5 — 15.59;.
5. Point (x9,ys), with L =5 :
ro=2-h, ys=2-h.
Neighbors: Left (L = 4), Right (L = 6), Down (L = 2), Up (L = 8):
65.04595 — 16.59, — 16.59, — 15.593 — 15.50s.
6. Point (x3,ys), with L =6 :
r3=3-h, 1y =2-h.
Neighbors: Left (L =5), Down (L = 3), Up (L =9):
65.0459 — 16.593 — 16.75v95 — 15.50,.

7. Point (z1,ys3), with L =7

Neighbors: Down (L = 4), Right (L = 8):
65.0459; — 16.759, — 15.757s.
8. Point (x9,ys3), with L = 8 :

ro=2-h, y3=3-h.
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Final matrix representation

Neighbors: Left (L = T7), Right (L =9), Down (L = 5):

65.04505 — 16.7505 — 16.59; — 15.50,.

9. Point (x3,y3), with L =9 :

.’173:3'h, y5:3h

Neighbors: Left (L = 8), Down (L = 6):

65.04599 — 16.759 — 16.7505.

Finally, the complete system can be assembled into matrix form as:

(a]
QL
[aw]
[aw]
(@]

B =

DO DODDOHD”T OO0 2 o
SO D; OO o
SO OO0 & ©O
OSOD OO0 Q@ O QO
O OO R O O
SO0 Q OO oo
0O Q@ ToOoOQ oo o

O OO OO0 OO0 R

The corresponding numerical matrix for N = 3 reads:

65.0450  —15.7500 0 —15.7500 0
—16.5000 65.0450 —15.5000 0 —15.7500
0 —16.7500  65.0450 0 0
—16.5000 0 0 65.0450  —15.7500

0 —16.5000 0 —16.5000  65.0450
0 0 —16.5000 0 —16.7500
0 0 0 —16.7500 0
0 0 0 0 —16.7500
0 0 0 0 0

e}

Q@ T O QLo O OO

0
0

—15.7500

—15.5000

0

65.0450

—16.7500

0
0

—15.5000

65.0450
—16.5000

0
0
0
0
0

0

0 0

0 0

0 0

0 0
—15.5000 0

0 —15.5000
—15.7500 0

65.0450 —15.5000
—16.7500  65.0450

This construction can be generalized to the block-tridiagonal structure of order N x N:

92! ¢!

gl

1 _

B = gl
&Y 9!

where the blocks are defined as follows:

Lower block &

Diagonal block 2! Upper block ¢
a b d1
o c a . o — dy
B oy
c a

dy

éal

e

Table 3.1: Block Structure of Matrix 98!
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Numerical results and analytical discussion

The coefficients are explicitly given by:

4 -1 0.25z,
= — 4+ 0.045 b= —
a 12 —+ + u, 12 + n
—1 0.25z, —1 0.25y;
= —_— — d _ —
2 ATt
—1  0.25y; —
e = ﬁ — h s 2,8 = 1, N

3.3.4 Numerical results and analytical discussion

In this section, we provide a detailed presentation of the numerical simulations for the non-
coercive Hamilton-Jacobi-Bellman (HJB) equation, solved via the finite difference method. The
results are analyzed in terms of accuracy, convergence, and efficiency, and are compared with
the corresponding analytical solutions to assess the performance of the method.

Furthermore, we investigate the influence of domain decomposition strategies by comparing
the classical non-overlapping method (d = 1) with the newly proposed overlapping domain de-
composition method (d > 1). The numerical outcomes are summarized in tables and visualized
in figures, generated through matlab.

Residual analysis :

e Table (3.2) reports the infinity norm of the residual error | R||« for each iteration, where
the residual is defined by:

R = max {#0f — 4 (951)).

1<3<2

o The results indicate that the residual decreases steadily with each iteration, reflecting the
stability and accuracy of the finite difference discretization.

« Configurations with overlap (d > 1) exhibit a faster decline in residuals, confirming that
overlapping subdomains enhance the convergence speed and improve numerical precision.

Table 3.2: Infinity norm of the residual error.

Tteration DDM:d>1 DDM: d=1
1 7.3910e-04 9.5913e-04
4 1.6080e-04 2.3635¢e-04
8 3.6307e-05 5.8367e-05
Last iteration 2.1623e-05 3.6670e-05

Evolution of solution sequences :

The convergence of the lower and upper solution sequences at the grid point (z, )" = (0.5,0.25)7
with h = 1/20 is illustrated in Tables (3.3) and (3.4).

« Table (3.3) shows the progression of the upper solution 192, which decreases monotonically
with iterations, gradually approaching the target value.

o Table (3.4) displays the evolution of the lower solution 9§, exhibiting increasing monotonic
convergence.
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Numerical results and analytical discussion

o In both sequences, increasing the overlap parameter (d > 1) accelerates convergence,
requiring fewer iterations to reach high-accuracy approximations.

Table 3.3: Upper solution 9% at (0.5,0.25) for h = 1/20.

Iteration DDM:d>1 DDM:d=1
1 -0.00418351 -0.00380439
4 -0.00560505 -0.00519486
8 -0.00561998 -0.00555738
Last iteration -0.00561999 -0.00561992

Table 3.4: Lower solution 9 at (0.5,0.25) for h = 1/20.

Iteration DDM: d>1 DDM:d=1
1 -0.38797945 -0.63728425
4 -0.04825616 -0.17337723
8 -0.00575788 -0.04453074
Last iteration -0.00562000 -0.00562008

Graphical representation of the Schwarz iterative reconstruction

The following figures (3.1) illustrate the progressive construction of the approximate solution
obtained by the overlapping domain decomposition method.

Approximate Solutions

-0.015 A\ N 7/
\‘\\\(C/

< 1

LS
B - e
o .
0.5 <" 06 08
= 0.4
0.2
y 0 0

X

Figure 3.1: Schwarz iterations for the approximate solution.

o The first graphical representation corresponds to the initial Schwarz iteration, where
the approximation is still strongly influenced by the decomposition of the computational
domain.

o The second representation illustrates the final converged iteration obtained after the sta-
bilization of the iterative process.

o The evolution from the initial approximation toward the final state clearly shows how
the global solution is progressively reconstructed through information exchange between
overlapping subdomains.
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Numerical results and analytical discussion

e The overlap region plays a fundamental role in transmitting interface information and
reducing discontinuities between neighboring subdomains.

o The smooth matching observed near the interfaces confirms the efficiency of the overlap
transmission conditions and the stability of the proposed decomposition strategy.

Convergence analysis and residual behavior

| I I I
0 2 4 6 8 10 12 14 16 18
Iteration

Figure 3.2: Convergence behavior of the iterative scheme.

» Figure (3.2) presents the evolution of the error measured in the L>-norm between suc-
cessive iterations.

o The observed decay confirms the expected geometric convergence of the iterative scheme.

o Notably, increasing the overlap accelerates convergence, reducing both the total number
of iterations and the computational time, which aligns with theoretical predictions.

Maximum residual across the domain

Figure 3.3: Maximum residual over the computational domain.
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Numerical results and analytical discussion

o Figure (3.3) displays the maximum residual, defined as

R = max {Q@“@Z — ff’(@’f;l)} ,

1<i<2

which quickly attains very small values (~ 107°) in the overlap region between subdo-
mains.

« This observation emphasizes the rapid stabilization of the scheme and confirms its effi-
ciency in converging towards the numerical solution.
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Chapter four :

Computational approaches
to asymptotic behavior for

QVI systems related to the
HJB evolutionary equation

The numerical treatment of stationary HJB equations has witnessed significant progress over
the years, with several effective methods proposed in the literature; see, for instance, [31,33,44]
and references therein. Among the notable contributions, Lions and Mercier [43] introduced two
iterative algorithms for solving elliptique HJB equations, where each iteration involves solving
either a linear complementarity problem or a linear system of equations. Later, Boulbrachene
and Haiour [22] conducted a finite element approximation study for the stationary version of
problem (4.1), using the subsolution method and relying on the Bensoussan-Lions algorithm [7].
They successfully derived a quasi-optimal error estimate in the L*-norm, stated as follows:

[9°° — 97| L < Ch?|logh|?,

In a recent work (see [5]), exploiting the above arguments, where we have analyzed the semi-
implicit time scheme combined with a finite-element spatial approximation for the system of
parabolic quasi-variational inequalities, we derived the following error estimate:

1 m
o gm|l 2 1 4 -

where C' is a constant independent of both h and At, and v denotes the coercivity constant
associated with the bilinear forms. The discrete solution ¥¥ is computed at each time level
tr = kAt, k=1,...,m, with final time 7" = mAt. In particular, ¥}* denotes the solution at the
final time. Moreover, ¥ is the asymptotic solution of the corresponding stationary problem.

Building on these theoretical and numerical foundations, this work focuses on the numerical
solution of a non-coercive parabolic quasi-variational inequality (QVI) system associated with
Hamilton—Jacobi-Bellman (HJB) equations arising in deterministic optimal control problems.
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Computational approaches to asymptotic behavior for QVI systems related to the HJB
evolutionary equation

To treat this problem, a backward Euler time discretization is first applied, which transforms
the original parabolic QVI system into a sequence of elliptic QVI problems linked to a coercive
HJB formulation. This reformulation provides a suitable framework for the subsequent analysis.

A fully discrete scheme is then constructed using finite element discretization in space. To
efficiently solve the resulting algebraic problems, an overlapping Schwarz domain decomposi-
tion method is developed in two settings. For two subdomains, the method is applied directly
to the HJB formulation, which is equivalent to the original QVI system, while for a general
decomposition into ¢ subdomains, it is applied directly to the QVI system. In both cases, the
iterative process is built using sub- and super-solutions to ensure convergence. This framework
allows us to establish monotonicity and geometric convergence of the algorithm.

Moreover, the analysis leads to a quasi-optimal error estimate in the L*°-norm of the form:
|9 — 9| L= < Ch?|loghl®.

Finally, numerical experiments based on finite element discretization confirm the theoretical
results and illustrate the accuracy and efficiency of the proposed method for this class of
problems.
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4.1.

CONTINUOUS NON-COERCIVE QVI SYSTEM RELATED TO HJB EQUATIONS

4.1 Continuous non-coercive QVI system related to HJB

equations

4.1.1 Mathematical description of the non-coercive QVI system

In this section, we examine the continuous representation of an evolutionary QVI system that
arises in connection with HJB equations and is subject to homogeneous Dirichlet boundary con-
ditions. The system under consideration characterizes a class of fully nonlinear, non-coercive,
time-dependent problems, where the dynamics are governed by a supremum over a finite set of
second-order elliptic operators. The system can be stated as follows:

find (9',9%,...,0") € [L*(0,T; Hy(Q))]",

such that for each i =1,... n:
<88t ,u—ﬁ’>+a”<191,u—19’> > (F',u—v"), Yue H}(Q),
O < k9w < k49 in Q, (4.1)
9 (x,0) = I} (z), in Q.

The main elements of this framework include:

The spatial domain 2 C RY is bounded with a sufficiently smooth boundary 952, and the
spatial dimension satisfies N > 1.

The temporal interval is [0,T] for a fixed T" < oo, and the corresponding space-time
domain is @ = Q x [0,T] C RN x R.

The operators AY, i = 1,...,n, are uniformly elliptic second-order differential operators
with variable coefficients, as defined in (2.2).

Each A’ corresponds to a bilinear form a'(-,-), described in (2.3), which may not satisfy
a coercivity condition.

The coefficient functions a’ (z), al(z), ai(x) belong to (L>®(Q) N C2(Q))" for all z € Q
and 1 < z,s < N, satisfying the regularity and boundedness conditions in (2.4), (2.5),
and (2.6).

The source terms [ are non-negative and sufficiently smooth:

F' e (L*(0,T; L=(Q)) N C*(0,T; H ()", F >0.

For analytical purposes, it is often useful to consider a family of parabolic inequalities that
approximate the solution. Specifically, we seek (9, ...,9") € [L2(0,T; H}(2))]" satisfying, for
1=1,...,n:

aai + AW < [, in Q,

9 < K+ 192'+17 P+l — 1917 in Q,

(% 4wyt =) (9= (s +97)) =0, inQ, (4.2)
P (x,0) = 9} (z), in Q,

¥ =0, on 0f).
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Transformation into elliptic coercive QVI system related to HJB

This formulation represents an equivalent version of the original variational inequality with
a max-structure and is closely related to approaches used for stationary HJB problems (see,
e.g., [2,35]).

From an abstract variational perspective, system (4.2) can be interpreted as a continuous,
non-coercive parabolic HJB problem:

max (g—f + A — [Fi> =0, inQ,

1<i<n
U= 07 on 69, (43)
Y (x,0) = Jo(z), in Q.

Previous studies [13,15] confirm the existence, uniqueness, of the parabolic QVT (4.1).

4.1.2 Transformation into elliptic coercive QVI system related to
HJB

Following the approach in [13], a semi-implicit time discretization together with a finite element
spatial discretization is applied to reformulate the original parabolic Hamilton—Jacobi—Bellman
(HJB) problem as an elliptic coercive system. The method starts with a backward scheme in
time while preserving the variational inequality structure.
For each time level k = 1,...,m and each index i = 1,...,n, one seeks ¥°F € H} () such
that: , .
ﬁz,kz o 192,k—1 - ik & . .
<T,u — " > +a" (0" u— 0"y > (F u — 9",
9 < PR < g TR Yu € HA(Q), (4.4)
90(z) =9, in Q.
where the time step is:

T
At = —. 4.5
g (1.5)

This system can be rewritten as a coercive elliptic QVI:

Kt<191,k7u . 1917k> + bz<191,k7u o ﬁz,k> Z <H_—z + (M + Kt),ﬁz,k:—l,u o ﬁz,k%

PR < g 9FE Ly <k 9TV Yu e HE(Q), (4.6)
gntbk =gtk >0, i=1,...,n,

90(z) = 0.

We introduce the following notation for clarity:

1 m

0= N T
Moreover, the bilinear form °(,.) is decomposed as:
DO — 9y = (0w — 9§ i (9 — Y,
Thus, system (4.6) can be compactly rewritten as:
G — 9FY > (4 k= — 9k,
Pk < k9L <k 9TV Yu e HEY(Q),

gtk = gbk >0, i=1,...,n,
90(z) = 0.
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Existence and uniqueness of the continuous problem

hos <191,k’ u— ﬁz,k> — 9<19z,k7 u— ﬂz,k) + bz<191,k7 u— ﬁz,k%
or equivalently:
Ci<,l9i,k’ U — 191,k> — n(ﬁi,ky u— ,&n,k) + ai<19i,k’ U — ﬁi,k% n=p+ 0.
The coercivity property holds: .
cu,u) > AMlull 3o

Hence, the sequence of coercive elliptic quasi-variational inequalities (4.7) corresponds to the
fully continuous coercive HJB formulation:

find 9¥ = (945 ... 9™F) € (HE(Q)" :

max (C'9* — Z/(9¥71)) =0, inQ,
1<i<n
IF =0, on 02, (4.8)
9k (x,0) = 9§, in Q.

where the operators are given by:

C'=AN+pul, 7' =F +np* 1
or equivalently,
C'=B'+0I, 7'V =G0+ G =F + gt
Here, C' denotes the coercive operator associated with the bilinear form:

N

N
cHu,u) = / Z a (x)% Ou + Za (x) Ou u + (ag(z) + n)u? dz.
’ Q N 0w, O, — N 0z

z,s=1

Here:
e 1 is the coercivity constant introduced in Chapter 3.

o 0 represents the inverse of the time step, defined by § = m/T.

4.1.3 Existence and uniqueness of the continuous problem

To prove the existence and uniqueness of solutions for the continuous quasi-variational inequal-
ity system, we proceed following an approach inspired by the iterative techniques used for
elliptic problems in Chapter 1. The main steps are outlined as follows.
We introduce a fixed-point mapping [21] defined by:
T:H" — (Lf(Q))n,
V=TV = (9, .. 9™F).

where each component ¥* is the solution of a coercive quasi-variational inequality depending

on the previous iterate V = (v!,... v"). For each i = 1,...,n and time level k = 1,...,m,
satisfies: o A A . ) A
IR — Y > (FF u — 9% 4 (o’ u — 9%, Yu € HY(Q),
V< k4ot u < k40 (4.9)
ﬁn,k — 191,]6).
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4.2. THE DISCRETE NON-COERCIVE QVI SYSTEM RELATED TO HJB

—§ Theorem 4.1.1: [21] §

Under the previous hypotheses and notations, the mapping 7" is a contraction in (L(£2))"
with a rate of contraction ﬁ. Therefore, T admits a unique fixed point which coincides
with the solution of problem (4.1) or (4.9).

4.2 The discrete non-coercive QVI system related to HJB

This section develops the fully discrete formulation of the non-coercive QVI system associated
with HJB equations using a finite element spatial discretization.

4.2.1 Finite element discretization

The spatial domain € is subdivided into triangular elements, generating a mesh 7" with mesh
size h > 0. The mesh family is assumed to be regular and quasi-uniform.

Let {goz}ivz(}f) denote the standard continuous piecewise affine basis functions associated with
7" satisfying the nodal property:
@z(As) = 6287

where A, are the mesh vertices. The corresponding finite element space is defined by:
Vi = {u c (L*(0,T; HX(Q)NC (0, T; HE(Q))™ - u|x € PLVK € ", 9(-,0) =9 in Q, ¥ = 0 on 09},

where P; is the space of polynomials of degree one. Let 7, denote the nodal interpolation

operator:
N(h)

ru =Y u(A)p.(x), Yue L*0,T; Hy(Q) N C(0,T; Hy (). (4.10)
z=1
To ensure stability and monotonicity of the discrete system, we assume that the stiffness ma-
trices @ = (a'(p., @s)).s satisfy the M-matrix property for all 1 <14 < n. This is essential to
preserve the qualitative behavior of the solution and to guarantee convergence.

4.2.2 Discrete quasi-variational inequality system formulation

In this section, we present the discrete formulation of the time-dependent QVI system. For
each i, the discrete QVI system reads:

o . o : . ,
<a—th,uh - 19§L> +a' (0, up — Uy) = (Fu, — 0y, Vuy, €V,
Oy <rp(e+ 957, w, < rp(s+ 95,

D (x,0) =, o(2).

(4.11)

In algebraic form, the discrete variational inequality is expressed as:
o9
ot

with complementarity condition:

+ M < FLW < (e + 0, 9T =9,

(% ) (i)
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Reformulation as a discrete elliptic coercive QVI system related to HJB

Combining the above, the non-coercive, time-dependent HJB problem in discrete form is:

max <% + A, — ﬁz> =0, VYv,el,. (4.12)

1<i<n\ Ot

4.2.3 Reformulation as a discrete elliptic coercive QVI system re-
lated to HJB

In this section, we describe the transformation of the discrete non-coercive QVI system into
a family of coercive elliptic QVI systems through a combination of spatial discretization and
semi-implicit time-stepping.

We consider a finite-dimensional subspace V;, C H}(Q) to approximate the solution at dis-
crete mesh points.

~ Let tp = kAt for k = 0,...,m. At each time level, we seek an approximate solution
192”g € (V}) starting from the initial data 19;;0 = ¢J§. The semi-discrete problem, combining space
and time, is: for k = 1,...,m, find 92" € (V},) such that:

9k — 9! ik i1 qisk ik i ik
A—t,uh—ﬁh +a (0" up, — 077) > (F u, — 0,
192”9 < rp(k+ 19?1’}9), up < rp(k+ 192“”“), i =
4,0 i
Uy (z) = o,h(ﬂU)-

The equivalent formulation is obtained by bringing the previous time level to the right-hand
side:

(4.13)

—_

ey T

ﬁ;;k ﬂi’k 7 ﬁi’k ﬁi’k > ot ﬁ;{k_l ﬂi’k
<%77Uh— h>jka<h7uh— h>_v§j+ At y Up — h>7
9 <k + 9, w, < (e + 0,

2,0 3
Iy (w) = 95 ().

Introducing the coercive bilinear form:

(4.14)

OO, un — 05) = n(03" un = 0;") + @' (03" u, — 03F),
the system (4.14) can be rewritten as a sequence of elliptic coercive QVIs:
ci<19fl’k, Uup, — 192]“) > <ﬁ’ + 77192”“71, up, — 19;’;’“>7
Ok <y (k4 00TF), gn TR — gk 1, (4.15)
2,0 7
Iy (z) = o,h(x)’

where the coercive form is defined by:
O up — 0%y = 0093w, — O3F) + 007wy — 9, m= 0.

This construction ensures that each time-discrete problem is a coercive elliptic quasi-variational
inequality, which is suitable for analysis and numerical approximation.

4.2.4 Discrete approximation of the HJB related QVI system

In this section, we describe the approximation of the continuous elliptic quasi-variational in-
equality (EQVI) system using a discrete Hamilton—Jacobi-Bellman (HJB) formulation. The
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Existence and uniqueness of the discrete QVI system

main idea is to represent the variational inequality problem through finite-dimensional opera-
tors in order to construct efficient iterative and numerical solution procedures.

Let «/* denote the finite element matrices associated with the bilinear forms a'(.,.), defined
by:
(). = a'{payps), 1<i<n, 1<zs<N(h).

We also introduce the matrices %', associated with the coercive bilinear forms b'(.,.), given by:

(%i)zs = bi<90z>905>a

where: ' '
bz, ps) = a' (2, 05) + (P2, ©s)-
The matrices C?, corresponding to the fully discretized ¢!, are defined by:

(Ci)zs = Ci<90z7 ©s)-

The bilinear form ¢(.,.) admits the equivalent representations:

Py ps) = b {s, 05) + 0(p2, p5) = a (@, 0s) + N{ps, ps).

Using these matrices together with the semi-implicit discretization scheme, the EQVI system
(4.7) can be approximated by the following discrete HJB problem: find

9F = (9HF L omR) e (HE Q)"

such that: . A
max (C'* —Z'(9*1)) = 0.

1<i<n

The finite element discretization of system (4.15) takes the form:
o = (0", .. 0ph) € (Vi)

such that: ' 4
max (C'0}; — Z'(9 ")) = 0. (4.16)

1<i<n

The discrete operators C* and Z° can be written in the equivalent forms:
Ci=sfitnl, Z) = F 4o
or alternatively, 4 4 ' '
C'=%+0I, Z(W=9"" 4005,
with: ‘ .
G = F 4 pi
4.2.5 Existence and uniqueness of the discrete QVI system

To establish the well-posedness of the discrete quasi-variational inequality system, we adapt the
continuous analysis framework to the discrete setting while taking into account the properties
of the finite-dimensional operators and the associated discrete data.
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Error analysis on L*™

We introduce the mapping 7}, defined on the positive cone H* by:
T : H" — (Vh)n,
Vi T(v) = (0%, o).

For each index i = 1,...,n, the component 192’]€ satisfies the following discrete coercive quasi-
variational inequality system:

¢t <19§L’k, Up, — ﬁzk> > <ﬁi,uh — 192’“> +n <vi, up, — 02k> , Yu, €V,
IR < (i 4+ oY), wp < ok + o), (4.17)

nk _ qlk
gk = bt

The following proposition establishes the existence and uniqueness of the discrete solution.

— Proposition 4.2.1: [5] &

Under the d.m.p , and the previous hypotheses and notations, the mapping 7},is a con-
traction in H' with a rate of contraction: ﬁ. Therefore, T}, admits a unique fixed
point which coincides with the solution of problem (4.15) or (4.17).

4.2.6 Error analysis on L*

In this section, we derive an estimate of the error between the continuous stationary solution
and its discrete approximation. This result provides a quantitative measure of the accuracy of
the numerical method and confirms its convergence behavior.

—@ Theorem 4.2.1: [13] §

Under the previous assumptions and the maximum principle, there exists a constant C,
independent of h, such that:

[95° — 9| o = max [|0"> — 9| < Ch?|loghf*.

1<i<n

Where 9% is an asymptotic continuous solution and 192’00 denotes the discrete solution
at the final time T = mAt, satisfy the stationary forms of the corresponding continuous and
discrete variational inequalities: [22]:

¢ (9, u —9"°) > (F' +nd™>®,u —9"®), Vu e Hy(Q), (4.18)
¢ (957 up — 0%°) > (T + 00y u, — 97°), Vuy, € Vi (4.19)

——w Remark 4.2.1 &

Although the discrete problem, such as equation (4.15), is written using the indices k& and
k — 1, the convergence analysis of the Schwarz iterative method is naturally formulated
through the transition from k to k + 1. This notation is consistent with the recursive
structure of the algorithm and facilitates the treatment of initialization, iterative updates,
and convergence proofs.
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4.3. DOMAIN DECOMPOSITION APPROACH FOR PARABOLIC QVI SYSTEMS
RELATED TO HJB

4.3 Domain decomposition approach for parabolic QVI
systems related to HJB

In this section, we investigate the asymptotic behavior of numerical approximations for non-
coercive parabolic QVI systems associated with HJB equations. We employ a backward scheme
for temporal discretization, which transforms the parabolic problem into a sequence of coercive
elliptic QVIs (or equivalently, HJB problems) that can be solved independently at each time
step. Building upon the methodology introduced in Chapters 2 and 3, a domain decomposition
strategy is applied to ensure stability and facilitate convergence. The approach is further
generalized to ¢ overlapping subdomains, allowing for flexible handling of complex geometries.
Convergence analysis establishes monotone behavior of the iterative process and provides an
L*® error bound derived from geometric contraction principles.

4.3.1 Overlapping decomposition with two subdomains

We first consider the classical scenario involving two overlapping subdomains. The global dis-
crete system is decomposed into local subproblems, which are solved iteratively while exchang-
ing boundary information over the overlapping region. This procedure preserves the monotone
structure of the discrete operator and guarantees convergence within the QVI framework.

A Recouvrement
- (0,T) x 2 \\ / (0,T) x
F]_ -7 : &7 F'
/y
0 < = /’
52 ] < 75 & T
d=p—-« Q9

Figure 4.1: Domain decomposition into 2 overlapping subdomains.

The discrete solution is written in block form as:

9k ) Zi(ﬂkﬂ) ) Ci i
0k — ( 1h) ’ Zz(ﬁk_l) — ( ; 1]1 ’ Ct = 1,1 “1,2 )
I3 " Z'(93,") —Ciy Chy
Here C* represents the discretized elliptic operator associated with the control index 7, while Z°
denotes the discrete Hamiltonian term.

The discrete HJB equation is formulated as:

max (c”iﬁz - zi(ﬁzfl)) —0, ¥ e (V)"

1<i<n
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Overlapping decomposition with two subdomains

On the first subdomain €2y, the iterative problem is:

max (¢, 0, — Z'(051)) =0,

1<i<n

(ﬂlfh)ﬁ = (19’26}:1)5’ on .

On the second subdomain {25, we have:

max (o, — Z'(05,")) =0,

1<i<n

(ﬂgh)a = (ﬁllgh)a’ on Y.
The iteration can be written in each subdomain as follows:

max {0, — Gl — 205} =0, i @,

1<i<n
max { — Ci 0%, + Ch o0k, — zwg,;l)} —0, in Q.

For initialization, we construct a lower and an upper solution 99 and 192 such that:

max {Ciﬁg — Z’(ﬁ%)} <0, max {Ci”g‘z - Z’(@%)} > 0.

1<i<n 1<i<n
Typically, one takes 99 = (0,...,0), while 99 is obtained by solving:

9 = Zi(l%)l)a 1=1,...,n.

Algorithm 3: Iterative ODD for non-coercive parabolic HJB problems

Initialization: choose the initial supersolution 99, set k = 1.
Step 1: solve on §2:

max {¢1, 0%, — G087 - 2/} =0,

1<i<n

Step 2: solve on {2:

max { - é%lléllgh + Cé,zégh - 31(19'5;21)} =0.

1<i<n

Step 3: check convergence. If not satisfied, set k <— k + 1 and repeat Steps 1-2.

—@ Theorem 4.3.1: [27] &

The sequences (%) and (9%) generated by the DDM algorithm 3 are monotone, namely

gy SO, O <

and they converge to the unique solution ¥, of the discrete HJB equation.
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Generalized domain decomposition into g overlapping subdomains

—@ Theorem 4.3.2: [27] §

The iterates (9%) generated by the DDM algorithm 3 are converge geometrically to the
unique discrete solution of problem (4.11). There exists 0 < p < 1 such that:

195 = 9 (@) < P79 — Fhllro), k€N

4.3.2 Generalized domain decomposition into ¢ overlapping subdo-
mains

To extend the Schwarz alternating strategy to a general setting, we consider the decomposi-
tion of the computational domain into ¢ overlapping subdomains. The iterative scheme follows
the same principle as the classical two-subdomain method: local problems are solved sequen-
tially on each subdomain while information is exchanged along the overlapping regions. This
construction guarantees monotone convergence of the sequence towards the unique discrete
solution, and allows for establishing L*-error bounds.

Description of the method

Let © denote a bounded, connected, open subset of R? with smooth boundary. We partition
into ¢ overlapping subdomains, labeled €2y, ..., Q,, satisfying:

q
Q=J, 4nu#0, jl=Tq j#!
j=1
We assume that the solution ¥ restricted to each subdomain satisfies:
Do, € W?P(Q;), j=14q, 2<p<oo.
The boundary of each subdomain is denoted by: I'; = 0€);, and the interface is defined as:

Recouvrement  Recouvrement Recouvrement

y ] 7
. 0,T) x (o!T) X Q /(O,T) X Q3 /m 0‘:T) 0
1 1 VARESS.. - - T |

Figure 4.2: Tllustration of the domain {2 decomposed into ¢ overlapping subdomains.

Continuous domain decomposition algorithm

Building upon the continuous problem introduced in equation (4.7), we construct an iterative
Schwarz scheme for ¢ overlapping subdomains. For each subdomain €2}, the local sequence
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Monotone convergence in domain decomposition algorithms

19;-”““ is defined within the convex set K;’Hl and satisfies:

i qi k1 ik+1 ; ik ik+1 1
O <O i =T,
; i1 ikt
19;.””1 = 19;’ + ou= 19;’ H”, on %;.
The admissible set is:
KA = {ue Hy(Q) |u <k + 05 w=9"""" on ¥}

The interface indicator is:
1, j>1,
= .
0, j<L

Finally, the restriction of the global forcing term to subdomain €2; is expressed as :

o+ 007" = (F + ™), 05 =g,

Discrete domain decomposition algorithm

At the discrete level, using the formulation in equation (4.15), the iterative Schwarz sequences
19;’:“, for j =1,¢q,i=1,n, and k € N, are defined on each subdomain ©; as follows:

Oy — O > (T 0 un — 95 ), Yu € Vi,
ﬁé,llfﬂ < R+19;J};1,k+17 up < H_i_ﬁ%l,kﬂ’ i=1m, (4.20)
G =gy, =0 on 3;.

with the discrete admissible set:

i,k+1 i+1,k+1 bkl
Ko™ = {un € Vi |un < k495w, =977 on ;).

Schwarz algorithm for iterative domain decomposition

The Schwarz iterative procedure solves partial differential equations by partitioning the com-
putational domain into ¢ overlapping subdomains. The global solution is obtained through
repeated updates on each subdomain, exchanging interface values at the overlaps, until conver-
gence is reached. The procedure can be summarized as follows:

e« Lower solution: Initialize a lower solution v;, on each subdomain as:

=0, je{l,....q}, i€{l,....n}. (4.21)
« Upper solution: For each subdomain §2;, compute an upper solution 193,? by solving:

¢ <1§§'}?7uh> = (F; + 7779?27%% Vuy € V. (4.22)

Remark 4.3.1 &

1) €L E20 '
The sequence (ﬁj’h ) . } simultaneously functions as a lower and an upper solu-
]e 17"'7q
tion, providing a natural bounding framework that ensures stability and convergence.

4.3.3 Monotone convergence in domain decomposition algorithms

In the following theorem, we will establish the monotonicity of the discrete alternating Schwarz

ik+1Y .
sequences (ﬁjh >
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Monotone convergence in domain decomposition algorithms

—w Theorem 4.3.3 &

. i=1,n;keN
The sequence (9% ) converges monotonically (either increasing or decreasing)
- J=1q
to the unique solution of the discrete problem (4.15), assuming the initial condition is
either a subsolution or a supersolution.

We proceed by induction to demonstrate that the sequence of upper solutions is decreasing,
while the sequence of lower solutions is increasing. As a result, we obtain:

PR+ < GRHL E e N

The proof is structured into three main steps.

Monotone convergence of the lower sequence

i=1,n;kEN

We establish that the sequence (193’,5“) is increasing, assuming that the initial value

- j:Lq
¥, is a subsolution.

< Base Cases: for £ =0

1. Subdomains preceding the interface (2; with j <!
On each subdomain €2; for j < [, the sequence is initialized as:

05 =0 for k=0.

The first iterate, 5‘;’,1, is computed by solving the following variational inequality
system:

c}(@gz,}, up, —vigz,b > <ﬂ; + 77193:,?, up, — 192,1), Yuy € Vi,
Uiy SR, Sk 0t (4.23)
U, =0 on N, w, =) on X
Under the positivity assumption .Z! > 0, we immediately have:
J
gi,1 _ 3i0
ﬂ;h >0=17,.
Hence, it follows that:
FO<O and GR>0 = 3P>0
2. Subdomains following the interface (); with 5 > [. Similarly, for each subdo-
main €; with 7 > [, the sequence is initialized as:
0 =0 for k=0.
The next iterate 5‘;,11 is determined by solving:
GO un = Uy = (F 4l un —03),  Vun € Vi,
i< n AT < 0 (4.24)
19;}3 = 19;’}1 on El, Up = 19;’}1 on Y.
Assuming %/ > 0, it follows that:
i1 _ 560
ﬁ;h > 0= ﬁ?h )
which implies: ‘ ‘ ' .
G <O and T =0,
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% Case k=1

1. Subdomains preceding the interface 2; with j < [ On each subdomain €;
with j < [, the sequence at k = 1 is initialized with 19;.’,? = 0. The subsequent term,

192’,?, is then computed as the solution of the following system:

<19§5, Uh — 19;5) (7] + 7719];” Uh 19;;3) Vup, € V,
1925 <K+ <+ 0, (4.25)
19;,3 =31 on %, wu,=49; on X

Choosing u;, = 19 “2 _ yp,vp > 0 in (4.25), we obtain:
AW ) < (F)+ 0l v Vuy € Vi, (4.26)

For the system (4.23), setting u), = 5‘;;

— Up, vy > 0, we get:

<19Z,1,vh> (F! + m(}’h,vh) Yuy, € Vj, (4.27)
Subtracting (4.26) from (4.27), we get:

05 — Tisvn) < (05 — D) on) 0.

Since we have: ' '
I <D vn =0, 20
Sl 52
= V5 =05 <0
v'71 V‘72. V‘72 v’vl . v'72 v’71
= ﬁ}h < 19;.}” ﬁ}h =), on Xj; ﬁ;h > 0= >0.

2. Subdomains following the interface (); with j > | On each subdomain §); with
j > [, the sequence at k = 1 is initialized with 19lh = 0. The next term, 19;}12, is then
determined as the solution of the following system:

Cz(%? Jup — Oy > (T + 0l un = 0in) Vup € Vi,
02 < k00w, < < kO (4.28)
19;}3 = 19;,? on Y, up= 19;,3 on Y.

By setting u;, = 19;,3 — vy, with v, > 0 in (4.28), we obtain:
cl<19§;f,vh> (7 +77191havh) (4.29)
In system (4.24), choosing uj, = 19?}11 — vy, with v, > 0 leads to:
(D on) < (F 40035, vn). (4.30)
Subtracting (4.29) from (4.30) yields:
(g — Uit on) < (9 — 03g)), on) < 0.

Since we have: .
90 <d v, >0, >0
91,1 0,2
= Uy, — U <0

SO <R =0 on X, 205930
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¢ Induction Step: for general k£ > 1

1. Subdomains preceding the interface (2; with j < [: On each subdomain €;
with 7 < [, we verify the property for £ + 1 under the induction hypothesis that it
holds for k. Specifically, we assume:

Gik—1 _ ik Gik _ gik—1
Uy < vy and 95 =17 on Xj.
We now consider the function 19;;: as a solution satisfying the system:
i 1 ik ik ; Gink—1 Gik
Cj<79;»h,'U/h _Vﬁ;h> Z <97 + nﬂ;ﬁ , Up — ﬁ;h% \V/Uh € Vh7
i SR UG un <0 (4.31)
19;: =9 on %, w, =0;F on ¥

To analyze the sequence behavior, let u;, = @;,’f 1 o, where v, > 0, and substitute
it into system (4.31), yielding:
cé-(@?{f“, vp) < (9; + n@é’,’f,vh). (4.32)
Similarly, substituting u;, = ﬁ;;f — vy, into equation (4.31), we obtain:
(05, vn) < (F5 +m0 " vn). (4.33)
Subtracting (4.33) from (4.32), we get:
L — T ) < (P — ), ).

Since @;,If > 193.’,]:71, v, > 0, and > 0, the right-hand side is non-positive, leading
tor i aik  gik+l
(05, =05, on) < 0.
This results in:
Fik g <
Thus, we conclude:

Sik+1 < aik Sik+l ik gik+l i,k
ﬁjh > ﬁjh, and on X, 19jh =1, ﬁjh >0=1 >0.

2. Subdomains following the interface (); with j; > [: On each subdomain (),
with j > [, we verify the property for £ + 1 under the induction hypothesis that it
holds for k, which assumes:

Oyt <0yt and ) =03 on .
Let J5" be a solution to the following system:
GO un = ) = (Tl +ndp " un = 05 Yuy, € Vi,

Ui S RO S kO (4.34)

Uy = ﬁ;’h onY;, up= 19;.’,1 on Y.
To analyze the behavior of the sequence, let u, = 19?;5“
substitute this expression into system (4.34). This leads to:

— v, with v, > 0, and

O on) S AT+ 003 on). (4.35)
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Similarly, by substituting u;, = @ff — vy, into equation (4.34), we obtain:
(D on) < T+l o). (4.36)
Subtracting equation (4.36) from equation (4.35), we obtain:
iy = 03 on) < (0 = 0), on)-

Since ﬁf;f > 19?;?_1, v, > 0, and n > 0, the right-hand side is non-positive, leading
to: o B
(i = I o) <0.

This directly implies: ‘ '
i =0T <0,
Consequently, we deduce:
Ot >0, and 95T =957 on B,
which implies:

It > 0= 95 > 0.

Monotone convergence of the upper sequence

. i=1,n;kEN
. at.k+1 v . . . .
We now aim to prove that the sequence (19}’h+ > o is monotonically decreasing, assuming
J=1q
that the initial value ¥, is a supersolution.

< Base Cases: for £k =0

1. Subdomains preceding the interface (2; with j < [ Specifically, for each j <

and within the subdomain €2;, at the base case k = 0, we define: 19;,1 as the solution
of the following system:

L A'71 A"l ] A'70 A"l
19;2 <K+ 19?,;1’1, up < K+ 19;-;;1’1, (4.37)
3ol 3i0 31,0
5, =y, on Y, w, =49 on X

To proceed, consider a function ¢ € HJ(2) and define ¢, = max(p,0). Next,
introduce uy, as

4l sil 40

By substituting this expression for u;, into equation (4.37), we obtain:

_l’_

i1 qi1 3il 300 i 36,0 301 300
(0, — (ﬁjh - ﬁjh>+> > (T + 00, — (ﬁjh - ﬁjh)+>'
i il (401 300 i 5,0 ((5i1 310
= (0}, (ﬁjh - ﬁjh>+> < AT+ 0, (ﬁjh - 79jh)+>- (4.38)
The term 19;,? satisfies the following system of equations:

C;'<1§?}?7uh> = <3‘7 + 77@;’;?,160 Vuy, € Vi,
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Now, assume that uj, = (5‘;,1 - 192,? ) is a solution of the system (4.22). As a result,
+

we obtain:
i 1500 (Gl 300 i 3,0 (41 500
e (T = 930) ) = () + i, (95 =030 ). (4.39)
By integrating equations (4.38) and (4.39), we derive the following result:

i /01,1 91,1 11,0 i 7 0%,0 91,1 11,0
Cj<19jh7 (ﬁjh - 19jh>+> < Cj<19jh7 (ﬁjh - 19jh>+>-

5l 560 (a1 560 §il 460
= (I =I5 (05— 03%) ) <0, where (I - 937) >0
3il 300
= U5 — U5 <0.
As a result, we can deduce that:
Pl < 9% and 0% =900 ¥;; then 9% >0 implies 95 >0
jh = Vjsps Al jh = Vin  OR 2j5 en vy, = U 1mphes v, = U.

2. Subdomains following the interface (), with j > [ For each j > [ within the
subdomain €, at the base case k = 0, we define 19;;11 as the solution of the following
system:

(O3 un — Ul) 2 (] + iy, un = ) Vun € Vi
Q?Z}L < K+ U, up < K+ vy, (4.40)
ﬁghl = 19;; onY;, wu,= 19;; on Y.
Let uj, be defined as
wn =0 = (95 = 0ip)
+
By substituting this expression into equation (4.40), we obtain:

it — (05 = 0i) ) = (il = (B = 030) ). (a4

= 3 (i —0i0) ) < (F+ i, (95 = 93) ). (1.42)

19?;? represents a solution to the following system of equations:
(0 un) = (F + iy wn)  Vuy, € Vi,

Let us assume that u;, = <1§§h1 — 192,?) constitutes a solution to the system (4.22).
Jr

Consequently, we derive:
7360 (51 50 i 3,0 (i1 5i0
ity (T = 0i0) ) = (i +ndip, (95! = 030) ). (4.43)
By incorporating (4.43) into (4.42), we arrive at:
i g0l (51§60 7560 (§i1 560
(Vs (19lh - ﬁlh) ) < Wy, <791h - 19lh> )-
+ +
= (i — 0, (@;‘;} - @;‘;3) ) <0, where (@;‘;} - @;’;9) > 0.
+ +
i 90 <.
As a result, we can deduce that:

195;11 < 19;}?, and 19?;3 = 193}1 on Y;; then 5‘;;11 >0 implies 5‘;,1 > 0.
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% Case k=1

1. Subdomains preceding the interface (); with j <[ For each j < [ within the

subdomain €2;, at the step k = 1, we define: 193,3 as the solution of the following
system:

¢ (5 un — 0 > (F] + 05, un = 05) - Y € Vi,
12;2 SR+ < RO (4.44)
19;,3 =91 on%;, wu, =49 onX;.

Given that u;, = 5;2 — vy, with v, > 0, substituting this into equation (4.44) results
in:

(05 vn) < (F) + 0Dy, vn). (4.45)
In the system (4.37), by setting v, = 19' ' — v, with v, > 0, we obtain:

(D, vn) < (F) + 0Dy, vn). (4.46)
By substituting (4.45) into (4.46), we obtain:

05 = O vn) < (05 — Dj), on) < 0.
Since we have the conditions:
Vo <%, v >0, n>0,

we can deduce that: 4 '
cé(ﬁzi - 19}’2,%} <0, wv,>0.

Consequently, this leads to:
2 il
Thus, we obtain:

1935 < 192}1, and 1935 = 1%;} on Xj; then 193,3 >0 implies 1%,11 > 0. (4.47)

2. Subdomains following the interface (); with j > [ At the step k = 1, we define
19?;12 as the solution of the following system:

Cz<19§h » Un = 19;}3) (T + by un =03 Yy € Vi,
V2 <k + 00wy < K+ 002 (4.48)
19?,12 = 19;,3 onyY;, u,= 19;,3 on Y.
Substituting u;, = 1%2 — vy, with v, > 0 into equation (4.48), we obtain:
G <19;h27 Uh> @% + 771951117 Uh> (4'49)
In the system (4.40), by setting v, = @;hl — vy, with v > 0, we obtain:
G on) < (F 4005y, ). (4.50)
By substituting (4.49) into (4.50), we obtain:

A2 — It on) < (n(03E — 0i0), v) < 0.
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Since we have: ' '
O <O, v =0, n>0,

it follows that: N N
(Wi = Vi vn) <0, v 2 0.

Thus, we obtain:
g2 9 <o
Finally, we arrive at:
19?;12 < 19;}37 and 19?;? = @;z on X;; then 19?;? >0 implies 1935 > 0.
¢ Induction Step: for general k£ > 1

1. Subdomains preceding the interface (2, with j < [ For each subdomain €;
with j < [, assuming that the property holds at step k, namely,

Ak o dik—1 Gk dik—1 ‘
ﬁjh < ﬁjh and ﬂjh = on Yj,

we now verify its validity for the next step k£ + 1. Let @;;f“ satisfy the following
system:

i ik dik i dirk—1 dik
CAj.<]:9jh7uh —Alzjlh]z Z <§] + nﬁjﬁ+1,kuh — 19jh> Vuh € Vh,
Uip S U un S RO (4.51)
O =0, on Xy, u, =15 onXj
In the system (4.20), substituting u, = @;f“ — vy, with v, > 0 yields:
i) ikl i §ik
cj(ﬁjh+ yon) <AFj 40y, vn)- (4.52)
Similarly, substituting u, = 193: — vy, with v, > 0 into system (4.51) for k, leads to:
i ik i dirk—1
(05 vn) < A(F] +nd5, ", o). (4.53)
By subtracting equation (4.52) from equation (4.53), we obtain:
i Gikt+l  dik Jik | dik—1
Since ﬁ;,f < @;’,’f_l, v, > 0, and n > 0, we deduce that:
i Gik+l ik

Consequently:
Gik+1  Qik
Hence, we deduce that:

q%,k+1 9%,k q%,k+1 34,k q%,k+1 9%,k
Vo <0 0T =0 on Xy T > 0= 0 > 0.

2. Subdomains following the interface (), with j > [ For each subdomain 2; with
j > 1, assuming that the property holds at step k£, namely,

Nik o dik—1 Ak ik
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we now proceed to verify its validity for the next step k + 1. Let 19?;{”1 satisfy the

following system:
i /.q0k i,k i §ik—1 §isk
Aiv AZ+ k) AZ+ )
Uy Sk +0, 7, un S K+0, "7,
ik — ik 5 _ ik 5
ih = Yjn on 2., Up = ih on 2.

(4.54)

In the system (4.20), replacing u;, = 1%;?“ — vy, with v, > 0, leads to the following

expression:
i/.q%,k+1 ot 35,k
A on) < (F A0 o).

(4.55)

In a similar manner, by inserting u;, = @;hk — vy, where vy, > 0, into the system (4.54)

for k, we obtain:
- . .
it on) < (T + i o).

By subtracting equation (4.55) from equation (4.56), we obtain:

A0 =0 vn) < (g = 931, on) < 0.
Given that z%hk < 19?’:_1, v, > 0, and n > 0, we deduce that:

(U3 =iy vn) < 0.
As a consequence of this inequality, we derive:
It = <0,

Therefore, we conclude that:

9% 1 q¢ 3% 1 q° 1 3% 1 31 1
it <O Ot =0 sy Ot > 0= 05 > 0.

Comparison between upper and lower sequences

The objective is to establish a rigorous relationship between the sequences :

~s i=1,n;keEN . i=1,n;keN
k+1 ” q%,k+1 e
() and  (J5)

i=14q Jj=14q

by proving the following inequality:
Gik+1 o §ik+1
19;.h < ﬁ;h :

< Base cases: £ =0

(4.56)

1. Subdomains preceding the interface 2; with j < [ Consider the subdomain

Q) for j <. At k =0, the lower sequence is initialized as

9,0
i = 0.

The corresponding value of the upper sequence, 192}? , is then determined by solving

the following system of equations:
0% up) = (FL+ 0 up).
Since .#; > 0, we deduce that:
192.’,? =0 and 193,? >0 then 192,? > 19;.’,?.
Consequently, we obtain:

91,0 34,0
0 < G0,
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2. Subdomains following the interface (); with 5 > [ Consider the subdomain €,
for 7 > 1. At k = 0, the lower sequence is initialized as

00 = 0.

The corresponding upper sequence value, 19?}?, is obtained by solving the following
system of equations:
i /30,0
(03 un) = (F+ 0y, un).
As Z} >0, we deduce that:
=0 and 95" >0 then 19?,? > 900

Accordingly, it follows that:
50,0 _ 3i,0
Uy, < Uy, -

< Base cases: k=1

1. Subdomains preceding the interface 2; with j <[ For the subdomain 2; with
j < land at k =1, consider the system (4.37). We define

Uy, = @;; — vy, with v, >0,
which leads to the following relation:

(050 vn) < (Fj + 055, un). (4.57)
Following a similar approach, we obtain from the system (4.32):

(192;, vp) < <ﬁl + nﬁ’h, Up)- (4.58)

The result follows by computing the difference between equation (4.58) and equation
(4.57):
i <1§i‘,1 . 191",1 > < < (191",0 . ,&2 0) >
Ci\Vijn jho Uh) = ATV 5 jh)s Uh
Given that 192,? < 292,? , along with vy, > 0 and n > 0, we deduce that:
i gl il
{5, — 95, o) <0.
As a consequence, we conclude that:
gil il
Ui — U5 <0,
thus, we arrive at:
Gil - gl
Ui < 05,
2. Subdomains following the interface (), with j > [ For the subdomain §2; with
j >l and at k = 1, consider the system (4.40). We define

Uy, = @;hl — vy, with v, >0,
which leads to the following relation:

<19;h17vh> (F + 77191h , Up)- (4.59)

105



Monotone convergence in domain decomposition algorithms

By applying the same reasoning, we obtain from the system (4.32):
{3 vn) < (F +nd)y v). (4.60)

The result follows from computing the difference between equation (4.60) and equa-
tion (4.59): ‘ ' ' '
C’;</l9;}l1 - 79;;37 Uh> < <77<19;}~? - 19;}?)7 Uh> < 0.

Since 19?;? < 1%10, and given that v, > 0 and n > 0, it follows that:

{0 — i on) <0

Consequently, we deduce that:

hence:

+ Induction step: for general £ > 1

1. Subdomains preceding the interface (2; with j <!
On the subdomain ; with j < [, we assume that the following inequality holds at
iteration k:
5‘;,]; < 193,’? on ;.
Our goal is to establish that this property remains valid for iteration k + 1.
Starting from the system (4.20), we introduce the definition:

up, = @;f“ —vp, Wwhere v, > 0.
By substituting this expression into the system, we obtain:

O ) < (FF+ 0l o). (4.61)
Following the same approach, we derive from the system (4.32) that:

U o) < (FL 40 ). (4.62)
The result follows by computing the difference between equation (4.62) and equation
(4.61):

5 = O o) < (95— D550), on)-
Given that 193,’16 < 193,? , along with v, > 0 and 1 > 0, we deduce that:
cé(ﬁé’,’f“ — ﬁé’,’fﬂ,vh} <0.
Consequently, we arrive at the conclusion that:
ﬁz}lfrl _ l;;}lfﬂ <0,

thus, we deduce that:
Gik+l _ Gik+1
U <0
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2. Subdomains following the interface (); with j > [ On the subdomain €2; with
7 > [, we assume that the inequality holds at iteration k:

Sik o dik

Our goal is to show that this property remains valid for iteration k + 1. Starting
from the system (4.20), we set

up = 195}5“ — vy, vy > 0.
Substituting this expression into the system, we obtain:
O on) < (T il ). (4.63)
Following the same approach, we deduce from the system (4.32):
T on) < (F iy on). (4.64)

The result follows by computing the difference between equation (4.64) and equation
(4.63): . 4 ' '
T =i on) < 0 = 03, on).

Given that 195;? < ﬁf}f, along with vy, > 0 and n > 0, we deduce that:
TR = I ) <0,
As a consequence, we arrive at the conclusion that:
igé}lkJrl B i%}lkJrl =)
this implies the following conclusion:
g;thrl < éli}lkJrl'
Finally, the proof is completed by analyzing the limit au temps final "= mAt :
Jim O = Jim Oy =0, i=Ln

Thus, it converges to the unique solution of the discrete problem.

4.3.4 Asymptotic behavior analysis in L™

In this section, we will analyze the convergence using the infinity norm and the geometric
convergence theorem of the generalized Schwarz algorithm. To simplify the calculations, we
introduce specific notations as follows:

[l =l gz and -y =1 ey 7 =T
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—@ Lemma 4.3.1: [38] &

IfC = (Czs)z,s:ﬁv is an M-matrix, then for every & > 0, there exist constants k1, K, . . ., Kq
such that for j =1,¢ — 1 and [ = 2, ¢ with j < [:

k; =sup{wn(z) :x € £;} € (0,1), k =sup{wn(z) 2z € X} € (0,1).

Additionally, the following bounds hold:

k+1
,'.9 'h

sup ‘19jh —
2

J

) 9k
i < K S;l]p wjh ﬁjh i (4.65)

and
sgp ‘19lh — 195“;’ |l < K; sup !ﬁlh ﬁfh|l ) (4.66)
l

— v Remark 4.3.2 v

The proof of the above lemma is adapted from [38], originally formulated for the varia-
tional inequality problem. The result remains valid for the problem introduced in this
thesis.

Geometric convergence of the generalized algorithm

The convergence of the Schwarz iterative procedure can be formalized as follows:

— Theorem 4.3.4: [38] &

The sequences (19;“;1) and (195“; 1), produced by the Schwarz alternating method for & > 0,
converge at a geometric rate to the exact solution ¢ of the HJB equation (4.8). More
precisely, there exist constants 1, . . € (0,1), determined by the subdomains (£2;, %)
and (£;,%), such that for j = 1,9 — 1 l = 2,q with j < [, the following estimates hold
forall k>0

sup |9, — 19;?;[1 ;< /{?—H/ﬁ:f—‘rl S;lp |9 — ﬁ?h‘j ,
’ i
sup [Wy, — 95|, < KETR) SUp |9 — 9, - (4.67)
Ql !

Asymptotic behavior analysis of the generalized domain decomposition method
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—w Theorem 4.3.5 &

Let ¢ denote the exact solution of problem (4.8). For j = 1,¢ — 1 and [ = 2, ¢ with j < [,
there exists a constant C', independent of i and the iteration index k, such that

|93 = 95| . < Ch?|loghf, (4.68)

and

197° — Falloe < CHP|loghl?, (4.69)

Ca

We structure the proof into several steps in order to clarify the asymptotic behavior
argument.

Step 1: Consider first the case (2;. The total error can be decomposed as:

1957 = 95 | o < W05 = Danllog + 190 = 57| -

Step 2: Using theorem 4.2.1 for the discretization error and theorem 4.3.4 for the
geometric decay of the Schwarz iterations, with p = max(k;, x;), we obtain:

||19 . ﬁk-‘rlH < C’lh2|10ghl3 +pk+1 ||'l9]h o ]h”
< P loghf* + 7 (10 = Dyl + 1165 — 9%l )

Step 3: Assuming the existence of a constant Cy, we deduce:
[0; = 05| < Cuh®|log h* + oM ([0 — Dl + 0" |05 — 0% -

[0 — 95 || . < CR?log hf® + p* ||0; — 99, | -

Step 4: We study the asymptotic behavior in the L*-norm for the parabolic quasi-
variational inequalities by evaluating the difference between 9, (x, T'), the discrete solution
at the final time T' = mAt, and 9°°, the asymptotic continuous solution. Since p € (0, 1),
the term p**! tends to zero as k approaches to infinity. Therefore, the iterative error
vanishes and the asymptotic estimate becomes:

[05° — 9 || < Ch?|loghl?.

The same arguments apply to the case 2, leading to an identical estimate following
the same reasoning steps.

—w Remark 4.3.3 &

Although the theoretical analysis is centered on the noncoercive case, the numerical ex-
periments indicate that the convergence rate remains essentially unaffected whether the
problem is coercive or noncoercive. This confirms that the proposed domain decompo-
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sition method provides consistent accuracy across both types of problems. Specifically,
Theorem (4.3.4) ensures that

|95 = 93| < Ch®|log hf>.

4.4 Numerical illustration for the parabolic HJB prob-
lem

In this section, we demonstrate the efficiency of the overlapping Schwarz domain decomposition
algorithm applied to the time-discretized coercive reformulation of a non-coercive parabolic
Hamilton-Jacobi-Bellman (HJB) problem.

4.4.1 Model problem: parabolic HJB formulation

The spatial domain is discretized using a conforming finite element method, while temporal
integration employs the backward Fuler scheme. At each time step, the nonlinear problem is
addressed using the previously developed domain decomposition strategy, assuming a uniform
spatial grid and a constant time step At. Iterations are continued until the L*°-norm of suc-
cessive iterates falls below a tolerance of 107°.

We consider a solution J(x,t) satisfying [13]:

o i i\ _
%%%(EJFAQ?_[F)_O’ (x,t) € 0,1] x [0,2],
9(,0) = p(x), 0,1,
¥(0,t) = 9(1,t) = 0, te|0,2],

where the diffusion parameter is set as J = 0.5.

The operators are defined by:

0% 0%

To respect the nonlinear structure of the HJB problem, the source terms are set as:
F! = F?2 = max (Alﬁ*,AQﬁ*),
with:
. 1 o
n=p+6, p=0 (coercivity parameter), 6 = N (temporal contribution).
An analytical solution is chosen as:
V*(z,t) = (2* — 2°) sin(10z) cos(207t),
from which the initial condition is obtained via:

o(r) = ¥(x,0) = (z* — 2°) sin(102).
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Finite element discretization

Variational formulation: following standard finite element procedures and integration by
parts, the bilinear forms associated with the operators A' and A? are:

a1<19,u>:/QJ79’(x)u’(:c)dx,

a?{V,u) = /Q (J (z) ' (x) + F(x) u(z)) dz.

Linear forms for source terms: the linear functionals corresponding to the source terms
are expressed as:

[Fi(u):/ﬂfi(:c)u(x)dx, P12

4.4.2 Finite element discretization

This section describes the finite element approximation of the time-dependent HJB problem.
The approach relies on constructing a finite-dimensional subspace of Hj () using piecewise
linear functions, which forms the basis for spatial discretization.

e« Mesh Cconstruction:
The spatial domain Q = [0, 1] is subdivided into N + 1 equal sub intervals of length h:

1
h=——
N+1
The nodes {z.} define the discrete mesh on [0, 1].

r,=zh, 2z=0,1,...,N+1.

e Definition of the Finite Element Space:
We introduce the conforming finite element space V,, C H(Q) as:

Vi = {un € C°([0,1)) | tnliz.z.in) € Pry un(0) = up(1) = 0},

where P, denotes polynomials of degree one. Functions in this space are continuous,
piecewise linear, and vanish at the boundary points.

» Basis functions:
A natural basis for V}, is given by the standard hat functions {,}

N .

z=1"

% .(xs) = 0,5 with §, , as the Kronecker delta,

% , is piecewise linear on [x, 1,2,,1] and vanishes elsewhere,

% Each ¢, has compact support, nonzero only on two adjacent subintervals.

e Interpolation representation:
Any function uy, € V), can be written as

uh<x> = Z Uz sz(‘x%

where u, = up(z,) are the nodal values. On each element [z, x, 1], this reduces to the
linear interpolation formula:

r—x,

up(x) = u, + (U1 — ), X € [Ty, Tup1)

This construction provides a structured framework for implementing the finite element
approximation. The basis functions are local, linearly independent, and yield a sparse
system when the variational form of the HJB problem is discretized.
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Construction of finite element basis functions

4.4.3 Construction of finite element basis functions

In this section, we describe the construction of linear finite element basis functions and how
they determine the structure of the resulting stiffness matrix. We provide explicit formulas for
both the diffusion-only and diffusion-reaction cases, along with the computation of integrals
that define the matrix entries.

Definition and properties of basis functions

Let V}, denote the finite element space introduced previously. The basis functions ¢, (x), com-
monly referred to as hat functions, are defined with the following characteristics:

e . € Py over each subinterval [x,_,z.] and [z, x,41],
« Nodal property: ¢.(zs) = 0., where §, ; is the Kronecker delta,
+ Compact support: supp(p) = [r-1. 7.1].

« Boundary conditions: ¢,(0) = ¢,(1) = 0.

Graphical illustration of basis functions

Figure (4.3) shows a single linear finite element basis function, while Figure (4.4) illustrates
three neighboring basis functions, emphasizing their local support and overlap, which is crucial
for the sparsity of the stiffness matrix.

A Xz—1 Xz Xz41

Pa(x) P09 el g(x)
Xz-1 Xz

Xz+1
Figure 4.4: Three overlapping basis func-
Figure 4.3: Single basis function ¢,. tions.

Piecewise linear form

On each subinterval, the hat function ¢,(x) can be expressed explicitly as:

T — T,
Tl pe [,z
_ )z —x
SOZ(:C) - %, T c [xzaxz—i-l]?
0, otherwise.

The function is linear on each subinterval and vanishes outside the local support. Its derivative
is constant in each interval:

1
7 S [mzflaxz]a
h
/ _ 1
sz(l‘>_ _E’ T E [,sz,xz+l]’
0, otherwise.
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Construction of finite element basis functions

Stiffness matrix structure

The local support of the basis functions implies that the stiffness matrix &7 is tridiagonal.
Entries corresponding to non-overlapping functions vanish:

a'{p.,ps) =0, for |z —s|>2.
The nonzero entries are computed as:
a'{pz, p2) = ffj*f [J(2)(L)? + C(2)¢2] do,
L

<9027Q02+1 e LU) z(szrl + C( )@z90z+1} dl’,
<(IDZ7 QDZ—1> - fz:,l [J(x)cngpz—l + O( )cpzspz—l} dx.

Explicit calculation for uniform mesh

Assuming a uniform mesh of step size h and constant coefficients J and C', we have:

2 1
a1<¢27¢2> - Jﬁa a1<8027§02:|:1> — _JE

When the reaction term is included:

2 2h h

1
a2<§0z7§02> = Jﬁ—i_?v a2<90z7§02:t1> = _JE—'—E

Numerical integration

In practice, integrals involving general functions .% (x) can be approximated using the trape-
zoidal rule:

/9 2)p.(v)dr = h F (z,).

Self-interaction coefficient

The diagonal entry of the stiffness matrix corresponding to ¢, is:

a1<()02790z> = J/(; (¢;<$)>2dl‘

Splitting the integral over the support intervals yields

RCE | Tzt1 ] 2
1
a(gpz,goz>:J</121ﬁd$+/mz ﬁdx):Jﬁ'

Neighbor interaction coefficients
The interaction between adjacent basis functions involves integrals of the form:

Tz+1 1
a1<§0z7(pz+1> = J/ @;(I)(p/erl(x) dx = —JE,

T, 1
M pn ) = / L)l () dr = T
Tz—1

These relations confirm the sparsity of the resulting stiffness matrix, as only neighboring entries
are NONZero.
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Global system matrices in finite element discretization

Inclusion of reaction term

When a reaction or interaction term is included, the bilinear form for the diagonal entry becomes

o) = [ (Wt [ G

The first integral is the same as before, while the second integral evaluates to:

1 Tz _ 2 Tz+1 _ 2 h
200 d :/ ToT1) / Tepr =L\ P
/0 A= [ (T ot h r=

Therefore, the complete diagonal entry reads:

2 h
2
2y WPz — J— P
@@z, 02) = 7 + 5
Off-diagonal entries with reaction term

The off-diagonal entries corresponding to neighboring basis functions are:

1 A

Tz+1 Tz41
a2<S027 <‘02+1> = J/ @;(%)(p;+1($) dx +/ @Z(I)gpz—l-l(x) dr = _JE + E

By symmetry, we also have:
1 A

2 _— J— J—
a <§Oza90z—1> - Jh + 6

Numerical integration considerations

For more general functions .% (x), it may be necessary to approximate integrals numerically. A
common approach is the trapezoidal or midpoint rule:

/0 FH(x)p.(x)dx ~ h F'(x.),

where h is the uniform mesh size and .% (x,) denotes the function evaluated at the node.

4.4.4 Global system matrices in finite element discretization

Once the local stiffness and mass contributions of each finite element have been computed, the
next step is to assemble them into global matrices that encode the coupling between all nodes
of the discretized domain. These global matrices are sparse, symmetric, and structured, and
they play a crucial role in the numerical resolution of the resulting variational problem.

We first consider the stiffness matrix .&/!, derived from the diffusion (or rigidity) operator
alone, and then the augmented matrix 2, which includes both stiffness and mass effects.

Stiffness matrix .o!

The global stiffness matrix associated with the discretization of the Laplacian operator is tridi-
agonal and given by:

, A =0 for|z—s|>1.




Global system matrices in finite element discretization

The numerical structure of &/ can be summarized as follows:

Matrix 7!

S~
X

Table 4.1: Global stiffness matrix o7}

Mass matrix .#

The consistent mass matrix .# in the finite element context is symmetric and captures the
integral contributions of the basis functions over the elements. Its main and adjacent diagonals

are defined as:
2h h

%z,z - ?7 e%z,z:l:l - 67 %z,s =0 for |Z - 5| > 1.
This leads to the following matrix form:
4 1
1 4 1
. h
Matrix .4 5 X
1 4 1
1 4

Table 4.2: Consistent mass matrix .#

Augmented matrix 7?: stiffness + mass

By combining the stiffness and mass matrices, we construct the global matrix:
A=+ M.

Numerically, this corresponds to:

Matrix 72

Bl
+
ol

Table 4.3: Global matrix @72 = &' + . .#

For numerical stability and to ensure monotonicity in solving HJB problems, we define:
Cl=t+nl, C*=*+1I, |,

such that n = 46, where # > 0 is a penalization parameter and I denotes the identity matrix,
ensuring stability and monotonicity in the discretization of controlled diffusion operators.
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4.4.5 Numerical investigation of the asymptotic behavior in the L°°-
norm

This section presents the main numerical contribution of this work and investigates the asymp-
totic behavior of the proposed overlapping domain decomposition method for the parabolic
quasi-variational inequality associated with the Hamilton—Jacobi—Bellman equation. The anal-
ysis is carried out in the L*°-norm in order to examine:

o the asymptotic stability and long-time behavior of the numerical approximation;

» the convergence properties of the method, including the effects of spatial and temporal
refinements, the overlap transmission between subdomains, and the Schwarz iterative
process.

Each numerical experiment is presented separately and followed by a brief discussion of the
observed results.

Initialization and numerical configuration

The computational framework is defined as follows:
o The iterative procedure is initialized from either a subsolution or a supersolution.

e The spatial discretization is performed on a uniform mesh with:

1
h=—.
100
e The temporal evolution is computed using:
At = 0.05.

» Since the coercivity parameter satisfies: = 0 the stabilization coefficient is chosen as:

1
This numerical configuration guarantees the coercive reformulation required by the overlapping
decomposition procedure and provides a stable framework for studying the asymptotic behavior
of the solution in the L*-norm.

Temporal evolution of the solution profiles

Several solution profiles are represented at different time levels in order to analyze the temporal
propagation of the approximation.
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Solution Profiles at Two Time Levels
Numerical t = T/2

0.1

= = Exactt=T/2
Numerical t = T
= = Exactt=T

0.08

ﬁh(x,t) compared with 9(xt)

-0.06 | \

-0.08 |

01 ‘ ‘ ‘ ‘ J
0 0.2 04 06 08 1

Figure 4.5: Temporal evolution of the exact and numerical solution profiles.

The numerical approximation accurately reproduces the oscillatory structure of the exact
solution throughout the simulation. The results show:

o the preservation of amplitude and phase,
o the temporal stability of the discretization,

o and the robustness of the iterative procedure over long-time evolution.

Asymptotic convergence of the Schwarz iterations

The following figures illustrate the progressive construction of the numerical solution through
the overlapping domain decomposition algorithm.

iteration 2

iteration final

0.1

Ip(z,t)

Figure 4.6: Evolution of the Schwarz iterative sequences toward the final-time solu-
tion.

These numerical iterations clearly demonstrate:
» the propagation of information through the overlap region,
» the progressive stabilization of the approximation,

o the convergence of the Schwarz sequences,
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o and the reconstruction of the global solution at the final time.

The final iteration confirms the asymptotic convergence of the overlapping decomposition pro-
cess toward the exact solution.

Spatial asymptotic convergence

The spatial convergence behavior is analyzed by computing the L*>-error at the final time for
several mesh refinements.

Table 4.4: Maximum L*-error under spatial refinement.

Mesh size h |95 (2, T) — 9°°|| o
1/50 4.0190 x 1078
1/100 1.1795 x 1078
1/200 3.6944 x 107°

The obtained results indicate:
o a regular decay of the numerical error,
» a stable asymptotic behavior under mesh refinement,

» and a convergence pattern consistent with the theoretical estimates established previously.

Temporal asymptotic convergence

The effect of temporal discretization is investigated by reducing the time step while keeping
the spatial mesh fixed.

Table 4.5: Maximum L*®-error under time refinement.

Time step At |97 (z, T') — 9°°|| 0o
0.10 3.7763 x 1078
0.05 1.1795 x 1078
0.025 1.0101 x 108
0.0125 6.6577 x 107?
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Convergence Analysis at Final Time

0 e T T
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Figure 4.7: Asymptotic decay of the numerical error under temporal refinement.

The reduction of the time step produces:
« a systematic decrease of the approximation error,
» a stable long-time numerical behavior,

« and a temporal convergence consistent with the theoretical asymptotic estimates.

Influence of the overlap on the asymptotic regime

The effect of the overlap width is analyzed by measuring the approximation error in each
subdomain at the final time.

Table 4.6: Influence of the overlap width on the L*°-error.

Overlap 197 (2, T) = 97| 1955 (2, T) =0 ||ee |97 (2, T) — 9|0
Width over )y over {1y over )
No Overlap 2.60 x 107° 8.30 x 1078 7.66 x 1078
Small Overlap 1.25 x 10710 4.84 x 1078 4.43 x 1078
Large Overlap 3.68 x 10711 1.18 x 1078 1.18 x 1078

The numerical results show that increasing the overlap width:

e improves the transmission of information between subdomains,

reduces interface errors,

accelerates the convergence of the Schwarz iterations,

and stabilizes the asymptotic regime at the final time.
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Conclusion and perspectives

In this thesis, we investigated the asymptotic behavior of parabolic quasi-variational inequality
systems associated with Hamilton-Jacobi-Bellman equations. The principal objective was to
develop a robust numerical framework capable of accurately approximating the long-time be-
havior of nonlinear parabolic problems while preserving stability, convergence, and consistency
at the discrete level.

The proposed methodology was based on an overlapping domain decomposition strategy
formulated through a sequential Schwarz iterative procedure. The study demonstrated that
the combination of domain decomposition techniques with monotone iterative sequences pro-
vides an efficient framework for the analysis of nonlinear parabolic quasi-variational inequalities.
In particular, the construction of upper and lower sequences allowed us to establish stability
properties and asymptotic convergence results in the L*°-norm.

A significant part of this work was devoted to the treatment of non-coercive parabolic
Hamilton—Jacobi-Bellman problems. By introducing a semi-implicit backward Euler discretiza-
tion, the original evolutionary problem was transformed into a sequence of coercive elliptic
quasi-variational inequalities. This reformulation made it possible to extend elliptic analytical
techniques to the parabolic setting while maintaining rigorous control of the asymptotic be-
havior of the numerical approximation.

The numerical investigations confirmed the theoretical analysis developed throughout the
thesis. The obtained results demonstrated the convergence of the Schwarz iterative sequences
toward the final-time solution and highlighted the important role played by the overlap re-
gion in stabilizing the numerical process. The overlapping structure significantly improved the
transmission of information between neighboring subdomains, reduced interface discrepancies,
and accelerated convergence toward the asymptotic regime.

Beyond the theoretical and numerical contributions, this work emphasizes the effective-
ness of overlapping domain decomposition methods for nonlinear parabolic problems arising in
optimal control, diffusion processes, and evolutionary systems governed by Hamilton—Jacobi-
Bellman equations. The developed framework provides a reliable approach for studying long-
time asymptotic behavior in complex nonlinear settings.

Several research perspectives naturally emerge from this study. A first direction concerns
the extension of domain decomposition methods to geometrically more complex configurations,
particularly domains with fractal or self-similar structures. Such geometries appear in porous
media, heterogeneous materials, irregular diffusion processes, and complex transport phenom-
ena. The analysis of the asymptotic behavior and convergence properties in these irregular
geometrical settings constitutes a challenging and promising continuation of the present work.
In particular, future investigations may focus on the impact of fractal geometries on the sta-
bility, transmission conditions, and convergence speed of overlapping decomposition algorithms.
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Conclusion and perspectives

Another important perspective concerns the development of adaptive and scalable numerical
strategies for high-dimensional nonlinear parabolic problems. Combining overlapping domain
decomposition methods with multilevel techniques, adaptive discretizations, or parallel comput-
ing strategies could significantly improve computational efficiency for large-scale applications.

Finally, extending the present framework to more general classes of nonlinear evolutionary
systems and coupling it with modern computational approaches represents a promising direction
for future research in the numerical analysis of parabolic quasi-variational inequalities and
Hamilton—Jacobi—Bellman problems.
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